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Abstract. We provide a framework for the study of structured manifolds with singularities and 
their locally determined invariants. This generalizes factorization homology, or topological chiral 
homology, to the setting of singular manifolds equipped with various tangential structures. Exam- 
ples of such factorization homology theories include intersection homology, compactly supported 
stratified mapping spaces, and Hochschild homology with coefficients. Factorization homology 
theories for singular manifolds are characterized by a generalization of the Eilenberg-Steenrod 
axioms. Using these axioms, we extend the nonabelian Poincare duality of Salvatore and Lurie to 
the setting of singular manifolds - this is a nonabelian version of the Poincare duality given by 
intersection homology. We pay special attention to the simple case of singular manifolds whose 
singularity datum is a properly embedded submanifold and give a further simplified algebraic 
characterization of these homology theories. In the case of 3-manifolds with 1-dimensional sub- 
manifolds, this structure gives rise to knot and link homology theories akin to Khovanov homology. 
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1. Introduction 

In this work, we develop a framework for the study of manifolds with singularities and their 
locally determined invariants. We propose a new definition for a structured singular manifold 
suitable for such applications, and we study those invariants which adhere to strong conditions 
on naturality and locality. That is, we study covariant assignments from such singular manifolds 
to other categories, such as chain complexes, satisfying a locality condition, by which the global 
values on a manifold are determined by the local values. This leads to a notion of factorization 
homology for structured singular manifolds, satisfying a monoidal generalization of excision for 
usual homology, and a characterization of factorization homology as a monoidal generalization of 
the usual Eilenberg-Steenrod axioms for usual homology. As such, this work specializes to give the 
results of |F2] in the case of ordinary smooth manifolds. 

One motivation for this study is related to the Atiyah-Segal axiomatic approach to topological 
quantum field theory, in which one restricts to compact manifolds, possibly with boundary. In 
examples coming from physics, however, it is frequently possible to define a quantum field theory on 
noncompact manifolds, such as Euclidean space. Given a quantum field theory - perhaps defined 
by a choice of Lagrangian - and two candidate physical spaces M and M' , where M is realized as a 
submanifold of M', the field theories on M and M' can enjoy a relation: a field can be restricted from 
M' to M, and, dually, an observable on M can extend (by zero) to M'. If one only considers closed 
and connected manifolds, then embeddings are quite restricted, M must be equal to M', and the 
consequent mathematical structure is that the appropriate symmetry group of M should act on the 
fields/observables on M. Alternately, allowing for observables on not necessarily closed manifolds 
gives further mathematical structure, because then not all embeddings are equivalences, and this 
is one motivation for the theory of factorization homology, - or topological chiral homology after 
Lurie |Lu2j . Beilinson-Drinfeld |BDj . and Segal |Se2j - as well as the Costello-Gwilliam mathematical 
formalism for the observables of a perturbative quantum field theory. 

Much of the theory of topological quantum field theories extends to allow for manifolds with 
singularities. In particular, Lurie outlines a generalization of the Baez-Dolan cobordism hypothesis 
for manifolds with singularities in |Lu3j . Roughly speaking, this states that if one has a field 
theory Bord n — > C and one wishes to extend it to a field theory allowing for manifolds with certain 
prescribed fc-dimcnsional singularities C(N), the cone on a (k — l)-manifold, then such an extension 
is equivalent to freely prescribing the morphism in the loop space il fc_1 C to which the manifold C(N) 
should be assigned. This is closely related to the result in the Baas-Sullivan cobordism theories of 
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manifold with singularities |Ba| . in which allowing cones on certain manifolds effects the quotient 

of the cobordism ring by the associated ideal generated by the selected manifold. 

This begs the question of what theory should result if one allows for noncompact manifolds with 
singularities, where one can again push-forward observables along embeddings or, likewise, restrict 
fields. In other words, what is the theory of factorization homology for singular manifolds? A 
requisite first step is to clarify exactly what an embedding of singular manifolds is, and what a 
continuous family of such embeddings is. Two of the basic concepts that determine the nature of 
smooth manifold topology are of an isotopy of embeddings and of a smooth family of manifolds. 
In particular, one can define topological spaces Emb(M, N) and Sub(M, N) of embeddings and 
submersions whose homotopy types reflect the smooth topology of M and N in a significant way; 
this is in the contrast with the space of all smooth maps Map(Af, N), the homotopy type of which is 
a homotopy invariant of M and N. E.g., the study of the homotopy type of Emb(5 1 ,R 3 ) is exactly 
knot theory, while the homotopy type of Map(5 1 ,M 3 ) ~ * is trivial. 

The first and foundational step in our paper is therefore to build into the theory of manifolds 
with singularities the same structure, where there is a natural space of embeddings between singular 
manifolds, as well as a notion of a smooth family of singular manifolds parametrized by some other 
singular manifold. In fact, we do much more. We define a topological category Snglr n (Terminol- 
ogy I2.5[) of singular ?i-manifolds whose mapping spaces are given by suitable spaces of stratified 
embeddings; our construction of this category of singular manifolds is iterative, and is very sim- 
ilar to Goresky and MacPherson's definition of stratified spaces, see |GM2j . in terms of iterated 
cones of stratified spaces of lower dimension. We then prove a number of fundamental features 
of these manifolds: Theorem 12.381 that singular manifolds with a finite atlas have a finite open 
handle presentation; Theorem 16.321 that singular prcmanifolds arc equivalent to singular manifolds, 
and thus all local homological invariants can be calculated from an atlas which is not maximal. In 
order to establish these results, we develop in conjunction other parallel elements from the theory 
of manifolds, including a theory of tangent bundles for singular manifolds fitted to our applications, 
partitions of unity, and vector fields and their flows. 

With this setup in hand, one can then study the axiomatics of the local invariants afforded by 
factorization homology. These factorization homology theories have a characterization similar to 
that of Lurie in the cobordism hypothesis or of Baas-Sullivan in the cobordism ring of manifolds 
with singularities. Namely, to give a homology theory for manifolds with singularities it is suffi- 
cient to define the values of the theory for just the most basic types of open manifolds - R n , an 
independent selection of value for each allowed type of singularity. There is then an equivalence 
between these homology theories for singular manifolds and the associated singular n-disk algebras, 
which generalize the £„-algebras of Boardman and Vogt [BoVoj . More precisely, let Bsc„ be the 
full subcollection of basic singularities in Snglr n ; i.e., Bsc„ is the smallest collection such that every 
point in a singular n-manifold has an open neighborhood isomorphic to an object in Bsc„. Taking 
disjoint unions of these basic singularities generates an oo-operad Disk(Bsc„). Fix C® a symmetric 
monoidal quasi-category satisfying a minor technical condition. We prove: 

Theorem 1.1. There is an equivalence 



between algebras for Disk(Bsc„) and C® -valued homology theories for singular n-manifolds. The 
right adjoint is restriction and the left adjoint is factorization homology. 

The proof of this result makes use of the entire apparatus of singular manifold theory built 
herein. The essential method of the proof is by induction on a handle-type decomposition, and so 
we require the existence of such decompositions for singular manifolds - the nonsingular version 
being a theorem of Smale based on Morse theory - which is provided by Theorem 12.381 Another 
essential ingredient in describing factorization homology is a push-forward formula: given a stratified 
fiber bundle F : M — > N, the factorization homology J M A is equivalent to a factorization homology 




3 



of N with coefficients in a new algebra, F*A. This result is an immediate consequence of the 
equivalence between singular premanifolds and singular manifolds (Theorem I6.32[) , by making use 
of the non-maximal atlas on M associated to the map F. 

A virtue of Theorem 11.11 is that the axioms for a homology theory are often easy to check, and, 
consequently, the theorem is often easy to apply. For instance, this result allows for the generalization 
of Salvatore and Lurie's nonabelian Poincare duality to singular manifolds. For simplicity, we give 
a more restrictive version of our general result. 

Theorem 1.2. Let M a stratified singular n-manifold, and A a stratified pointed space with n 
strata, where the i th stratum is i-connective for each i. There is an equivalence 



between the space of compactly-supported stratum-preserving maps and the factorization homology 
of M with coefficients in the Bsc n -algebra associated to A. 

Our result, Theorem 14.121 is even more general: instead of a mapping space, one can consider 
a local system of spaces, again subject to certain connectivity conditions, and the cohomology of 
this local system (which is the space of the compactly supported global sections) is calculated by 
factorization homology. This recovers usual Poincare duality by taking the local system to be that of 
maps into an Eilenberg-MacLane space. Factorization homology on a nonsingular manifold is built 
from configuration spaces, and thus nonabelian Poincare duality is very close to the configuration 
space models of mapping spaces studied by Segal jSelj , May |May| , McDuff |Mcj , Boedigheimer [Bo] , 
and others. Intuitively, the preceding theorem allows such models to extend to describe mapping 
spaces in which the source is not a manifold per se. At the same time, this result generalizes the 
Poincare duality of intersection cohomology, in that one such local system on a singular manifold is 
given by r2°°IC*, the underlying space of compactly supported intersection cochains for a fixed choice 
of perversity p. The theory of factorization homology of manifolds with singularities developed in this 
paper can thus be thought of as bearing the same relation to intersection homology as factorization 
homology bears to ordinary homology. 

Theorem 11.11 has a very interesting generalization in which one considers only a restricted class 
of singularity types together with specified tangential data. That is, instead of allowing singular n- 
manifolds with all possible singularities in Bsc„, one can choose a select list of allowable singularities. 
Further, one can add extra tangential structure, such as an orientation or framing, along and 
connecting the strata. We call such data a category of basic opens, and given such data B, one can 
form Mfld(£>), the collection of manifolds modeled on B. While the theory of tangential structures 
on ordinary manifolds is a theory of 0(n)-spaccs, or spaces over BO(n), the theory of tangential 
structures on singular manifolds is substantially richer - it is indexed by Bsc„, the category of n- 
dimensional singularity types, which in particular has non-invertible morphisms. Here is a brief list 
of examples of S-manifolds for various B. 

• Ordinary smooth ?i-manifolds, possibly equipped with a familiar tangential structure such 
as an orientation, a map to a fixed space Z, or a framing. 

• Smooth n-manifolds with boundary, possibly equipped with a tangential structure on the 
boundary, a tangential structure on the interior, and a map of tangential structures in 
a neighborhood of the boundary - in familiar cases, this map is an identity map. More 
generally, n-manifolds with corners, possibly equipped with compatible tangential structures 
on the boundary strata. 

• "Defects" - which is to say properly embedded fc-submanifolds of ordinary n-manifolds, 
possibly equipped with a tangential structure such as a framing of the ambient manifold 
together with a splitting of the framing along the submanifold, or a foliation of the ambient 
manifold for which the submanifold is contained in a leaf. Relatedly there is "interacting 
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defects" - which is to say n-manifolds together with a pair of properly embedded subman- 
ifolds which intersect in a prescribed manner, such as transversely, perhaps equipped with 
a coloring of the intersection locus by elements of a prescribed set of colors. 

• Graphs all of whose valences are, say, 1491, possibly with an orientation of the edges and 
the requirement that at most one-third of the edges at each vertex point outward. 

• Oriented nodal surfaces, possibly marked. 

We prove the following: 

Theorem 1.3. There is an equivalence between C® -valued homology theories for n-manifolds mod- 
eled on B and algebras for B 

J :Alg Di5k(B) (C®)^ H (Mfld(B),C®):p 

in which the right adjoint is restriction and the left adjoint is factorization homology. 

This result has the following direct connection with extended topological field theories. Specif- 
ically, the set of equivalence classes of homology theories H(Mfld„,C®) is naturally equivalent to 
the set of equivalences classes of extended topological field theories valued in Alg( n )(C®). Let 
us make this statement more explicit. Here Alg( n -,(C®) the is a higher Morita-type symmetric 
monoidal (oo, n)-catcgory hcuristically defined inductively by setting the objects to be framed n- 
disk algebras and the (oo,n — l)-catcgory of morphisms between A and B to be A\g^(A, B) := 
Alg( n -i) (BimodA,s(C®)) , with composition given by tensor product over common n-disk algebras, 
and with symmetric monoidal structure given by tensor product of n-disk algebras. For a category 
A 7 , let X~ denote the underlying groupoid, in which noninvertible morphisms have been discarded. 
We have the following commutative diagram: 

Aig Di5kii (c®r (Ai g(n) (c®r) 0(n) 

H(MfId n ,C®)~ Fun®(Bord„, Alg (n) (C®)) 

The bottom horizontal functor H(Mfld„,C®)~ -)• Fun®(Bord„, Alg (n) (C®)) assigns to a homology 
theory J- the extended topological field theory Zj= whose value on a compact (n — fc)-manifold (with 

o o 

corners) M is the fc-disk algebra Zj:{M) := J 7 (M. k x M) where M is the interior of M and this value 
is regarded as a fc-disk algebra using the Euclidean coordinate together with the functoriality of 
T . A similar picture relating homology theories for singular £>-manifolds with topological quantum 
field theories defined on Bordg, the bordism (oo, n)-category of compact singular (n — fc)-manifolds 
equipped with 23-structure. 

The assignments above express every such extended topological field theory as arising from 
factorization homology. This is a consequence of features of the other three functors: the left 
vertical functor is an equivalence by the n-disk algebra characterization of homology theories 
of |F2| and Theorem 11.11 the right vertical functor is an equivalence by the cobordism hypothe- 
sis |Lu3] whose proof is outlined by Lurie building on earlier work with Hopkins; the top horizon- 
tal functor being surjective follows directly from the definition of Alg( n )(C®) and the equivalence 
AlgDisk„ (C®) — Alg Disk fr (C®)°("). Thus, for field theories valued in this particular but familiar higher 
Morita category, our theorem has the virtue of offering a simpler approach to extended topological 
field theories, an approach which avoids any discussion of (oo, n)-categorics and functors between 
them. 

The homology theory also offers more data in an immediately accessible manner, since one can 
evaluate a homology theory on noncompact n-manifolds and embeddings, whereas the corresponding 
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extension of a field theory to allow this extra functoriality is far from apparent. One also has non- 
invertible natural transformations of homology theories, while all natural transformations between 
extended field theories are equivalences. 

Theorem 11.31 is a useful generalization of Theorem 11.21 because one might desire a very simple 
local structure such as nested defects which are not true singularities. The most basic examples of 
such are manifolds with boundary or manifolds with a submanifold of fixed dimension. Let Mfld^ 
be the collection of n-manifolds with boundary and embeddings which preserve boundaries, and let 
be the associated collection of open basics, generated by W 1 and W 1 ^ 1 x M>o. A special case of 
the previous theorem is the following. 

Corollary 1.4. There is an equivalence 

J : Alg Di< (C®)^ H (MfldtC®):p 

between Disk^ -algebras in C® and C® -valued homology theories for n-manifolds with boundary. 

Remark 1.5. A Disk^-algebra is essentially an algebra for the Swiss-cheese operad of Voronov [V] 
in which one has additional symmetries by the orthogonal groups 0(n) and 0(n — 1). 

For framed n-manifolds with a fc-dimensional submanifold with trivialized normal bundle, one 
then has the following: 

Corollary 1.6. There is an equivalence 

J : Alg Di<fc (C«)^ H (Mf< fc ,0: /3 

between D\sk^ k - algebras in and C® -valued homology theories for framed n-manifolds with a 
framed k-dimensional submanifold with trivialized normal bundle. The datum of a Disk'[ k - algebra 
is equivalent to the data of a triple (A,B,a), where A is a Disk' r - algebra, B is a Disk£ -algebra, and 
a : J s „_ k _ 1 A — > HHQfr(i?) is a map of D\sk k+1 -algebras. 

Specializing to the case of 3-manifolds with a 1-dimcnsional submanifold, i.e., to links, the preced- 
ing provides an algebraic structure that gives rise to a link homology theory. To a triple (A, £?, /), 
where A is a Disk 3 r -algebra, B is an associative algebra, and / : HH*(A) — > HH*(B) is a Disk 2 r -algebra 
map, one can then construct a link homology theory, via factorization homology with coefficients in 
this triple. This promises to provide a new source of such knot homology theories, similar to Kho- 
vanov homology. Khovanov homology itself does not fit into this structure, for a very simple reason: 
a subknot of a knot (U,K) C (U',K') does not define a map between their Khovanov homologies, 
from Kh(U, K) to Kh(U' , K'). Link factorization homology theories can be constructed, however, 
using the same input as Chern- Simons theory, and these appear to be closely related to Khovanov 
homology - these theories will be the subject of another work. 

We conclude our introduction with an outline of the contents. In Section 2, we develop a theory 
of structured singular n-manifolds suitable for our applications, in particular, defining a suitable 
space of embeddings Emb(M, N) between singular n-manifolds; we elaborate on the structure of 
singular n-manifolds, covering the notion of a tangential structure and a collar-gluing. In Section 3, 
we introduce the notion of homology theory for structured singular n-manifolds and prove a char- 
acterization of these homology theories. Section 4 applies this characterization to prove a singular 
generalization of nonabelian Poincare duality. Section 5 considers other examples of homology the- 
ories, focusing on the case of "defects" , which is to say a manifold with a submanifold. Section 6 
completes the proof of the homology theory result of Section 3, showing that factorization homology 
over the closed interval is calculated by the two-sided bar construction. Section 7 establishes certain 
technical features of the theory of singular n-manifolds used in a fundamental way in Sections 2 and 
3. 
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The reader expressly interested in the theory of factorization homology is encouraged to proceed 
directly to Section 2.7 and Section 3, referring back to the earlier parts of Section 2 only as necessary, 
and to entirely skip the last section. 

1.1. Conventions. In an essential way, the techniques presented are specific to the smooth setting 
as opposed to the topological, piecewise linear, or regular settings - the essential technical point 
being that in the smooth setting a collection of infinitesimal deformations can be averaged, so that 
smooth partitions of unity allow the construction of global vector fields from local ones, the flows 
of which give regular neighborhoods (of singular strata strata of singular manifolds), which in turn 
lend to handle body decompositions. 

Unless the issue is topical, by a topological space we mean a compactly generated Hausdorff topo- 
logical space. Throughout, Top denotes the category of (compactly generated Hausdorff) topological 
spaces-it is bicomplete. We regard Top as a Cartesian category and thus as self-enriched. 

In this work, we make use of both Top-enriched categories as well as the equivalent quasi- category 
model of co-category theory first developed in depth by Joyal; see [Jo]. In doing so, we will be 
deliberate when referring to a Top-enriched category versus a quasi-category, and by a map C — > V 
from a Top-enriched category to a quasi-category it will be implicitly understood to mean a map 
of quasi-categories N C C —> T> from the coherent nerve, and likewise by a map T> — > C it is meant 
a map of quasi-categories V — > N C C. We will denote by S the quasi-category of Kan complexes, 
vertices of which we will also refer to as spaces. We will use the term 'space' to denote either a Kan 
complex or a topological space - the context will vanquish any ambiguity. 

Quasi-category theory, first introduced by Boardman & Vogt in [BoVoj as "weak Kan complexes," 
has been developed in great depth by Lurie in |Lulj and |Lu2j . which serve as our primary refer- 
ences; see the first chapter of [Lulj for an introduction. For all constructions involving categories of 
functors, or carrying additional algebraic structure on derived functors, the quasi-category model 
offers enormous technical advantages over the stricter model of topological categories. The strictness 
of topological categories is occasionally advantageous, however. For instance, the topological cate- 
gory of 7i-manifolds with embeddings can be constructed formally from the topological category of 
n-disks, whereas the corresponding quasi-category construction will yield a slightly different resultQ 

Acknowledgements. We are indebted to Kevin Costello for many conversations and his many 
insights which have motivated and informed the greater part of this work. We also thank Jacob 
Lurie for illuminating discussions, his inspirational account of topological field theories, and his 
substantial contribution to the theory of quasi-categories. JF thanks Alexei Oblomkov for helpful 
conversations on knot homology. Finally, we would like to thank the referees for valuable comments. 

2. Structured singular manifolds 

In this section we develop a theory of singular manifolds in a way commensurable with our 
applications. Our development is consistent with that of Baas |Baj and Sullivan, as well as Goresky 
and MacPhcrson [GM2| , and we acknowledge their work for inspiring the constructions to follow. We 
also define the notion of structured singular manifolds. Structures on a singular manifold generalize 
fiberwise structures on the tangent bundle of a smooth manifold, such as framings. As we will see, 
a structure on a singular manifold can be a far more elaborate datum than in the smooth setting. 

Remark 2.1. Our account of (structured) singular manifolds is as undistractcd as we can manage 
for our purposes. For instance, we restrict our attention to a category of singular manifolds in 
which morphisms are 'smooth' (in an appropriate sense) open embeddings which preserve strata. 
In particular, because our techniques avoid it, wc do not develop a theory of transversality (Sard's 
theorem) for singular manifolds. 



That is, the quasi-category will instead give a completion Mfld™ of the quasi-category of n-manifolds in which 
the mapping spaces Map(M, N) are equivalent to the space of maps Map(Kjvf , Kjv) of presheaves on disks; see SI3.2I 
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2.1. Smooth manifolds. We begin with a definition of a smooth n-manifold — it is a slight (but 
equivalent) variant on the usual definition. 

A smooth n-manifold is a pair (M, A) consisting of a second countable Hausdorff topological 

space M together with a collection A = {R™ A M } of open embeddings which satisfy the following 



Cover: The collection of images 
Atlas: For each pair 0, ip £ A and p £ 

such that 
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£ A} is an open cover of M. 
) fl ip(M. n ) there is a diagram of smooth embeddings 



M 

contains p. 



commutes and the image 
Maximal: Let R" ^ M an open embedding. Suppose for each 
there is a diagram of smooth embeddings 



Jo 



£ A and each p £ </> (R") n </>(R n ) 
R™ such that 



fo 



00 



M 



commutes and the image </>o/o(R ra ) = 0/(M") contains p. Then 0o £ A. 

A smooth embedding /: (M, .4.) — > (M',.4') between smooth n-manifolds is a continuous map 
/: M — > M' for which /*.4 = {ftp \ <fr £ A} C A'. Smooth embeddings are evidently closed under 
composition. For M and M' smooth n-manifolds, denote by Emb(M, M') the topological space of 
smooth embeddings M —> M' , topologized with the weak Whitney C°° topology. We define the 
Top-enriched category Mfld„ to be the category whose objects are smooth n-manifolds and whose 
space of morphisms M — > M' is the space Emb(Af, M'). 

Note that the topology of Emb(M, M') is generated by a collection of subsets {Mo(M, M')} 
defined as follows. This collection is indexed by the data of atlas elements 4> £ and <f>' £ Am 1 , 
together with an open subset O C Emb(R™,R TI ) for which for each g £ O the closure of the image 
g(R n ) C R" is compact. Denote M (M, M') = {/ | / o <j) £ #,(0)}. 

2.2. Singular manifolds. We now define categories of singular manifolds. Our definition traces 
the following paradigm: A singular n-manifold is a second countable Hausdorff topological space 
equipped with a maximal atlas by basics (of dimension n). A basic captures the notion of an n- 
dimcnsional singularity type — for instance, a basic is homeomorphic to a space of the form R rl_fc x 
CX where A is a compact singular manifold of dimension k— 1 and C(— ) is the (open) cone. There 
is a measure of the complexity of a singularity type, called the depth, and CX has strictly greater 
depth than X. Our definition is by induction on this parameter. We refer the reader to ^2.31 for 
examples. 

In what follows, for Z a topological space let O(Z) denote the poset of open subsets of Z ordered 
by inclusion. Define the open cone on Z to be the topological space 



C(Z) := colim(* 



x Z 



x Z). 



Note in particular that C(0) is not empty, but is a point. In the case Z ^ 0, this agrees with the 
definition of the cone as the quotient Z x [0,oo)/ ~, with the equivalence relation (z,0) ~ (z',0). 

Definition 2.2. By induction on — 1 < k < n we simultaneously define the following: 

• A Top-enriched category Bsc< rii fc and a faithful functor Bsc<„,fe Top. 



• A Top-cnrichcd category Snglr <n k and a faithful functor Snglr <n k — > Top. Denote the 
maximal subgroupoid Snglr<„ k C Snglr <n k spanned by those X for which lX is compact. 
We emphasize that every morphism in Snglr< n k is an isomorphism. 

• For each j a continuous functor RP : Bsc< n; fc — > Bsc< n +j,k over MP X — : Top — > Top. 

• For each j a continuous functor ffl : 0(MP) x Snglr <n k — > Snglr <n+:/ k over ©(M- 7 ) x Top 
Top. We denote the value R^jX simply as RPX. 

For all n, define Bsc< ni _i = to be the empty category and Snglr <n _ x = {0} to be the terminal 
category over £ Top. The functors RP and i are determined. 

For k > 0, define Bsc^n^ as follows: 
06 Bsc<„ ifc : 

o6Bsc<„ :fc = o6Bsc< n ,fe_i ] [ o6Snglr< fe _ 1 >fc _ 1 . 
We denote the object of Bsc<„,k corresponding to the object Ie5 

^§^<fc— i k— i using 

the symbol Z7^ or C/x when n is understood. Define 

l: Bsc< n , fc -> Top 

on objects as U h-> i/7 and ?7x i-> K n_ft x C(iX). 
mor Bsc< ni fc: Let I,Fe Snglr< fc _ 1 ft _ x be objects and U,V £ Bsc< nj fe_i. Define 

Bsc< n , fe (C/,F) = Bsc^fc-i^.y) , 

Bsc<„ >fc ([/,f/x) = Snglr<„ ifc _ 1 ([/,i? n - fc J R> X) , 

Bsc<„ jfe (f/ X , F) = 0. 

The space Bsc< n ^(Ux, Uy) is defined as follows. Consider the space Bsc„ i fc({/x) ^r) C 
Snglr<„ k _ 1 (R n - k RX, R n ~ k RY) x Emb(M"- fe , R"- fc ) consisting of those pairs (/,/i) for 
which there exists a morphism g £ Snglr, l _ 1 k _ 1 (R n ~ k X, R n ~ k Y) and an isomorphism 
.go £ Snglr< fe _ 1 k _ 1 (X, Y) which fit into the diagram of topological spaces 



{/i(0),0}xl lY 

~ fe x K< x CY 




x CY 



n—k 



where the unlabeled arrows are the standard projections. Consider the closed equiva- 
lence relation on Bsc n> k(Ux, Uy) by declaring (/, h) ~ (/', h') to mean h = h! and the 
restrictions agree 7|R«-«. X R> x t x = /|V„- k xR > oXt x- Define 

Bsc<n t k(Ux,Uy) := Bsc n , k (Ux,U Y )/~ ■ 

Composition in Bsc< nj fc is apparent upon observing that if ~ and if 

(/", h") ~ (/'", ft'") £ fe n , fe (f/y, C/z), then (/" o /, ft" o ft) ~ (/"' o /', h! o ft"')- The 
functor t: Bsc< rlJ t — > Top has already been defined on objects, and we define it on 
morphisms by assigning to (/, h):U x -> the map M"~ fe x C(iX) -4 M"" fe x C(iF) 
given by [(u, s, x)] i-> [/(u, s, x)] if s > and as [(u, s, x)] M> [h(u)\ if s < - this map 
is constructed so to be well-defined and continuous. Moreover, the named equivalence 
relation exactly stipulates that l is continuous and injective on morphism spaces. As so, 
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for X = Y G Snglr< fc _ 1 fc _ 1 isomorphic objects, we denote a morphism C/x — ' — > Uy 

simply as its induced continuous map iUx tUy. Unless the issue is sensitive, we 
will often abuse notation and use the same letter / to refer to the first coordinate of a 
representative oi f — [(/, h)}. 
R: The functor R is determined on objects and morphisms by induction upon declaring 
R?Ul = U n x +1 and W(f, h) = (l Rj x /, l w x h). 
ob Snglr <n k : An object X of Snglr <Tl k is a pair (iX, A) consisting of a second countable Hausdorff 
topological space lX, together with a set A = {(U, </>)} called an atlas, whose elements 

consist of an object U G Bsc<„ ik together with an open embedding dJ — >• iX. The 

atlas must satisfy the following conditions: 
Cover: The collection of images {4>(lU) C lX} is an open cover of lX. 
Atlas: For each pair (U,<p),(V,tp) G A and p G (j>(iU) (~l ijj(iV) there is a diagram 

U 4- W A V in Bsc<„, fc such that 



iW — 9 -> iV 

f 4> 
lU —^lX 



commutes and the image <f>f(tW) = %pg(iW) contains p. 

Maximal: Let Uo be an object of Bsc< nJ t and let lUq lX be an open embedding. 

Suppose for each (U,4>) G A and each p G <po(iUo) fl 4>(lU) there is a diagram 

Uo A W A U in Bsc<„ !fc such that 



iU 



lW- 

fo 



lU iX 



commutes and the image <fiofo(iW) = 4>f(iW) contains p. Then (Uo, (fio) G A. 
Define t: Snglr <?l k — > Top on objects by (lX,A) h-> tX. 
raor Snglr <nfc : Let X, Y G Snglr <rt fe be objects, written respectively as (lX,Ax) and (bY,Ay). The 
space of morphisms Snglr <rl k (X,Y) has as its underlying set those continuous maps 

lX U lY for which f*A x ■= {{U,f<p) \ {U,(j)) G Ax} C The topology on 

Snglr <n fe (X, F) is generated by the collection of subsets {Mo,(a,*,(W)(^ ^)} defined 
as follows. This collection is indexed by the data of atlas elements (U, <j>) G Ax and 
(V, VO € ^ly, together with an open subset O C Bsc< nj fe(/7, V) for which for each jeO 
the closure of the image g(iU) C iV is compact. Denote M G nj ^ ( V ^(X, Y) = {/ | 
/o0G^(O)}. 

Composition is given on underlying sets by composing continuous maps. To check that 
composition is continuous amounts to checking that for each (lX,A) G Snglr <n k the 
collection {4>(lU) \ (U, 4>) G .4} is a basis for the topology of lX, as well as checking 
that lX is locally compact. These points are straight ahead and will be mentioned in 
Lemma [2.151 The functor i; Snglr <n k — > Top is given on objects by (lX,A) m> lX 
and on morphisms by / t— > f. These assignments arc evidently functorial, continuous, 
and faithful. 

R: Define R j : 0(MP) x Snglr <n k Snglr <Il+J ■ k on objects as (Q, (lX, A)) n- (Q x lX, Aq) 
where Aq = {{U' , <fi')} consists of those pairs for which for each p G (j)'(iU') there is an 
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element (U, 4>) G A and a morphism RPU — > U' in BsCn+^fc such that the diagram 



P x dJ tt/' — t~ Qxil 



itf ^ ►tX 

commutes and p G (/)'(/ (MP x it/)). Clearly Q x /.X is second countable and HausdorfT 
and .4q is an open cover. It is routine to verify that Aq is a maximal atlas. That R J 
describes a continuous functor is obvious. 

We postpone the proofs of the following two lemmas to the end of tj2.4l 

Lemma 2.3. There is a standard fully faithful embedding 

Bsc< n>fc C Snglr< n fe 

over Top. This embedding respects the structure functors R 3 . 

For fc < fc' notice the tautological fully faithful inclusions Bsc< n! fc C Bsc< n! fc/ over tautological 
inclusions Snglr< n fc C Snglr<„ k ,. 

Lemma 2.4. Let r be a non-negative integer. There are tautological fully faithful inclusions 

Bsc< n ,A: C Bsc< 

over tautological inclusions 

Snglr<„ !fc C Snglr< n+r fc+r 

over Top. Moreover, these are inclusions of components - namely, there are no morphisms between 
an object o/Snglr <n fe and an object of Snglr <n+r k+r \Snglr <Jl fc . 

Terminology 2.5. 

• Denote the complements 

- Bsc Il fc = Bsc<„ fc \ Bsc< n _!^, 

- Bsc„ -fc = Bsc„^ \ Bsc„.fc_i. 

- Snglr„ fc = Snglr<„ fc \ Snglr<„_ 1 fc , 

- Sr| g |r «^ = Sn S lr <n,fc \ Snglr<„_ l fc . 

• Denote 

Bsc n Bsc n n , Bsc< 7l Bsc< n n , 

- Snglr„ = Snglr„ „ , Snglr<„ = Snglr<„ „. 

• Wc do not distinguish between an object of Bsc„ and its image in Snglr„. 

• We do not distinguish between objects of Snglr n k and of Snglr„. 

• We do not distinguish between a morphism in Snglr„ and its image under i. 

• We will refer to an object U G Bsc n as a basic. Wc will often denote the basic f/^-i G Bsc nj o 
by its underlying topological space R" which wc understand to be equipped with its standard 
smooth structure. 

• We will refer to an object X G Snglr n as a singular n-manifold. 

• We will say a singular n-manifold X has depth k if X € Snglr rl =k . 

• Wc say a point p € X is of depth k if there is a chart (U, (f>), written as dJ = M. n ~ k x C(lY) 
so that G M. n ~ k C lU, for which </>(0) = x. This notion of depth is well-defined - this is 
an insubstantial consequence of Lemma l6.10l for instance. 

• For *p a property of a topological space or a continuous map, say an object or morphism of 
Snglr n has property *p if its image under t does. 

• We adopt the convention that Bsc<„^ = is empty and Snglr <n k = {0"} is terminal over 
the empty set in Top whenever k < — 1. 



2.3. Examples of singular manifolds. 



Example 2.6 (Base cases and singular manifolds of dimension 0). When n = — 1, Bsc_i is the 
category with an empty set of objects; and Snglr_ 1 is the terminal category, having a single object 
which we denote by _1 . The functor t sends _1 to the empty topological space. 

When n = 0, Bsco,-i is again the category with an empty set of objects, and Sngli-g _ x = Snglr _ 1 
is the terminal category whose object we denote by 0°. Hence we see that Bsco o = {Uq_ ± } = {R } is 
the terminal category with z,R° = * £ Top. Snglr is the category of countable sets and injections, 
while Sngli-Q is the category of finite sets and bijections. 

Example 2.7 (Smooth manifolds). Singular manifolds of depth and smooth manifolds are one 
and the same. Specifically, Bsc„.o is the Top-enriched category with a single object U'^i = R" and 
with space of morphisms Emb(R",R n ). Snglr Tl0 = Mfld„ is the Top-enriched category of smooth 
n- manifolds and their smooth embeddings while Snglrjj is the subcategory of compact n- manifolds 
and their isomorphisms. The functor i sends a smooth manifold X to its underlying topological 
space. 

Example 2.8 (Singular manifolds of dimension 1). The first non-smooth example, Bsci.=i, is the 
Top-enriched category with obBsc! =1 = {U) | J a finite set} where the underlying space is the 
'spoke' tUj = C(J). This is the open cone on the finite set J, and we think of it as an open 
neighborhood of a vertex of valence |J|. 

Snghj ! is a Top-enriched category summarized as follows. Its objects are (possibly non-compact) 
graphs with countably many vertices, edges, and components. These types of graphs were utilized 
by S. Galatius in jGaj . 

For X such a graph, denote by X a smooth 1-manifold obtained from X by deleting the subset V 

of its vertices and gluing on collars in their place, we call X a dismemberment of X - the construction 

of X depends on choices of collars but is well-defined up to isomorphism rel X \ V. (See i jG.21 ) 

There is a quotient map X — > X given by collapsing these collar extensions to the vertices whence 

f 

they came. A morphism X — > Y £ Snghj x is an open embedding of such graphs for which there 
are dismemberments X and Y which fit into a diagram 

~ 7 ~ 

x— u-y 



x— U-y 

where / is smooth. 

Finally, SnglrJ 1 C Snglr^ is the subcategory whose objects are those such graphs which are 
compact, and whose morphisms are the isomorphisms among such. 

Example 2.9 (Corners). Let M be an n-manifold with corners; for instance, M could be an n- 
manifold with boundary. Each point in M has a neighborhood U which can be smoothly identified 
with M. n - k x [0,oo) ft for some < k < n. Notice that R n - k x [0,oo) fc ^ M. n ~ k x C(A fe - 1 ) is 
homeomorphic to the product of M. n ~ k with the open cone on the topological (k — l)-simplex. Such 
an M is an object of Snglr„. 

Example 2.10 (Embedded submanifolds). The data P C M of a properly embedded d-dimensional 
submanifold of an n-dimensional manifold is an example of a singular n-manifold. Each point of 
M has a neighborhood U so that the pair (P H U C U) can be identified with either (0 C W 1 ) or 
(M. d C R n ). Note that the basic an open ball around p £ P is homeomorphic to the product of IR d 
with the open cone C(S n ~ d ~ 1 ). Hence the data P C M is an object in Snglr n d . 

Example 2.11. An object of Bsc2,2 is R 2 , R x C(J) with J a finite set, or C(Y) where Y is a 
compact graph. Heuristically, an object of Snglr 2 2 is a topological space which is locally of the 
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form of an object of 6502,2- The geometric realization of a simplicial complex of dimension 2 is an 
example of such an object. For instance, the cone on the 1-skclcton of the tetrahedron A 3 , here 
there is a single point of depth 2 which is the cone point and the subspace of depth 1 points are is 
the cone on the vertices of this 1-skeleton. Another example is a nodal surface, here the depth 2 
points are the nodes and there are no depth 1 points. 

Example 2.12 (Simplicial complexes). Let S be a finite simplicial complex such that every simplex 
is the face of a simplex of dimension n. The geometric realization |S| is a compact singular n- 
manifold. Indeed, inductively, the link of any simplex of dimension (n — k) is a compact singular 
(k— l)-manifold. It follows that a neighborhood of any point p £ |S| can be identified with W l ~ k xCX 
for X = |Link(er p )| the singular (k — l)-manifold which is the geometric realization of the link of the 
unique simplex o~ p the interior of whose realization contains p. 

Example 2.13. Note that for any singular (k — l)-manifold X there is an apparent inclusion 
\so(X,X) — > Bsc„({7J, Ujr)- In particular, while there is a canonical homeomorphism of the un- 
derlying space iR n = iU"S n -i, there are fewer automorphisms of R" <E Bsc„ than of L r ^„_ 1 G Bsc n . 
Hence W 1 ¥ ^-1 S Snglr„. 

Example 2.14 (Whitney stratifications). The Thorn-Mather Theorem |Matj ensures that a Whit- 
ney stratified manifold M has locally trivializations of its strata of the form R k C{M) and thus is 
an example of a stratified manifold in the sense used here. In particular, real algebraic varieties are 
examples of singular manifolds in the sense above - though the morphisms between two such are 
vastly different when regarded as varieties versus as singular manifolds. 

2.4. Intuitions and basic properties. We discuss some immediate consequences of Definition ^. 21 
It might be helpful to think of the Top-enriched category Snglr„ as the smallest which realizes the 
following intuitions: 

• Smooth n-manifolds are examples of singular n-manifolds. 

• If X is a singular n-manifold then R>o x X has a canonical structure of a singular (n + 1)- 
manifold. 

• For P C X a compact singular fc-submanifold of a singular n-manifold, then the quotient 
X/P has a canonical structure of a singular n-manifold. 

• For X a compact singular manifold, the map Aut(X,X) — > Emb(CX,CX) is a homotopy 
equivalence. (This feature is of great importance and is responsible for the homotopical 
nature of the theory of singular manifolds developed in this article.) 

The functor 1 preserves the basic topology of a singular manifold X one expects. We will use 
most of the following facts throughout the paper without mention: 

Lemma 2.15. Let X = {lX 1 A) be a singular n-manifold. Then 

(1) For each morphism X — > Y the continuous map lX — > lY is an open embedding. 

(2) The topological dimension of lX is at most n. 

(3) The topological space iX is paracompact and locally compact. 

(4) The collection {<P(lU) \ (U,<fi) £ .4} is a basis for the topology of lX . 

(5) The atlas A consists of those pairs (U, (f>) where U € Bsc„ and U A- X is morphism of 
singular manifolds. 

(6) Let O C lX be an open subset. There is a canonical singular n-manifold Xo equipped with 
a morphism Xo — > X over the inclusion O C lX . 

(7) Let lY be a Hausdorff topological space. Consider a commutative diagram of categories 

U ^-Snglr„ 

p 1 

" 

O(iY) 1 > Top 
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in which U is a countable ordinary poset. Suppose the functor p: W — > O(iY), determined 
by oo i y tY , is a colimit diagram. There is a unique (up to unique isomorphism) extension 
q: — > Snglr n of q for which ip = iq. 

Proof. All points are routine except possibly point (7). This will be examined in section A2.5I to 
come. In the language there, there is an immediate extension q: LP — > pSnglr„ to pre-singular 
n-manifolds where the value g(oo) = (iY, A') with A = \J ue u(p( u °°)) -4j(m) where the 
atlas of q(u). Then appeal to Corollary 12. 291 □ 

One also has the basic operations desirable from basic manifold theory: 

Lemma 2.16. 

(1) The Top-enriched category Snglr n admits pullbacks and l preserves pullbacks. 

(2) The triple (Snglr n , U, 0) is a Top-enriched symmetric monoidal category over (Top, II, 0). 

(3) There is an infective faithful embedding 

C: Snglr, c l fc -4 Bsc„ + i, fe +i 

over the open cone functor on Top. 

(4) There is a standard natural transformation 

of continuous functors Snglr^ k — > Snglr n+1 which lies over K>o x > C— . 

(5) For P and Q topological spaces, define the join of P and Q to be the space P * Q = (P x 
A 1 x Q) /nj , where (p, (1,0)) - (p',(l,0)) , (q, (0, 1)) - («?', (0, 1))) . The operation - ★- 
is functorial in each variable and is coherently associative and commutative. There is a 
continuous functor 

Snglr^ x Snglr^ fc A Snglr^ + „ +1J+fe+1 

over the join operation of topological spaces. 

(6) There is a continuous functor 

Bsc 

m,j x Bsc n ^ y BsC m ^ n _j^/ e . 

over product of topological spaces. 

(7) There is a continuous functor 

Snglr mj x Snglr„ k — > Sngl 

over product of topological spaces. 
Proof. All the proofs are routine so we only indicate the methods. 

(1) Consider a pair of morphisms X A Z and fAz. The pullback is XxzY = (lX x l z lY, A') 
where A = {([/, <fi) | (U, h<p) £ A} where A is the atlas of Z and h: tX x L z iY — s> lZ is the 
projection. 

(2) Immediate. 

(3) This is given by X h-> U* +1 . 

(4) This is induced from the open embedding R>o C R. 

(5) The join tX * iY admits an open cover 

R x (lX x iY) lX x (C(lY)) 



(C(lX)) x iY iX ★ lY 

which can be lifted to a diagram of singular manifolds witnessing an open cover, thereby 
generating a maximal atlas (sec M2.5I for how this goes). 
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(6) This is given inductively by the expression (X,Y) h-> U^^ +1 with base case (R" l ,K") h-» 
R m +™ upon observing the formula CP x CQ = C(P*Q) which is implemented by, say, the 
assignment (s,p;t,q) i-4 (.s 2 + t 2 , g, ( , 

(7) An atlas for X x V is the collection {([/',(/>')} consisting of those pairs for which for each 

pair of morphisms U — > X and V A- Y" for which (/ x g)(tU x tV) C 4>'{U') the composite 
(i/)')" 1 o (/ x g): U x V — > U' is a morphism of Bsc m +„. 

□ 

Lemma 2.17. for eac/i p G R"~ fe C it/ £/iere is a continuous map (3: R>o — > Bsc„([/, C/) /or which 
Po = ljj, fit o /3 S = /3 s+t , and {f3 t (dJ) \ t G K>o} is a local basis for the topology around p G tU. 

Proof. By translation, assume p = 0. Using classical methods, choose such a continuous map 
(3' : R>o — > Emb(R, R) for which j3t restricts as the identity map on R<o for each t G R>o- The lemma 
follows upon the homeomorphism lU = R n ~ fc x C(lX) w C{S n - k ~ 1 -kbX) = (lx (S"-*- 1 *^)) , . 

□ 

Proof of Lemma \2.3[ Use induction on fc. For k = this is the inclusion of the full subcategory of 
Mfld„ spanned by R". Let U G Bsc<„^. We wish to construct an object Snglr <ra fc associated to U. 
Inductively, we can assume U = U\ with X G Snglr^^ fc-1 . So lU = R"~ fc x C(lX). Define the 

object (lU, A) G Snglr < „ fc where A = {(W, <p) \ U' — > U G Bsc< Mj fc}. Clearly lU is second countable 
and Hausdorff and A is an open cover. 

To show A is an atlas it is sufficient to prove that the collection {f(V) V — > U G Bsc< nj fc} is a 
basis for the topology of lU = W x C(lX). For this, proceed again by induction on k, the case k = 
being standard. The general case following from the two scenarios. Let peOc R"~ fc x C(lX) be 
neighborhood. 

• Suppose p G R"~ fc . There is a morphism U ^> U for which p G f{dJ) C O, this mor- 
phism given by choosing a smooth self-embedding of R" _fc x R>o onto an arbitrarily small 
neighborhood (p, 0). 

• Suppose p G R" _fc x R >0 x lX. Because X has an open cover by the sets 4>(lU') with 
U' G Bscfc_i.fe_i then we can reduce to the case p G R n_fe x R>o x iU' which follows by 
induction. 

To show A is maximal we verify that an open embedding / : iU — > iV is in Bsc<„j s if for each 

p G lU there is a diagram U <r- W A- V in Bsc< rii fc such that /i = fg and p G g{iW). We prove 
this by induction on the depth j of V with the case j = being classical - a continuous map is 
smooth if and only if it is smooth in a neighborhood of each point in the domain. If the depth of U 
is strictly less than that of V, then the result follows by induction upon inspecting the definition of 
a morphism in Bsc„. Suppose the depth of U equals the depth of V which equals k. Write U = 11% 
and V = Vy. By definition, there is a lift to a morphism /: R n ~i RX — > of singular 

n-manifolds of depth strictly less than k. 

This assignment U i-4 (lU, A) is evidently continuously functorial over Top and therefore is 
faithful. We denote this object (lU,A) again as U. If / G Top(tC7, lU) lies in Snglr <n k (U, U) 
then necessarily the identity morphism g(U = U) G A and it follows that g lies in Bsc<„.fe. So 
Bsc< rijfc -> Snglr<„ fe is full. 

Clearly this embedding Bsc<„.fc C Snglr <Tl k respects the structure functors b and R J . 

□ 

Proof of Lemma \2.4\ This proof of the first assertion is typical of the arguments to come, so we 
give it in detail. We simultaneously establish both inclusions using induction on k. While the base 
case should be k = —1, this case is too trivial to learn from - the assertion is obviously true. Lets 
examine the base case k = 0. Then Bsc<„ has one object U^_ 1 corresponding to the unique object 
G Snglr'l 1 _ x . The space of endomorphisms of this object is Emb(R™,R"), with composition given 
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by compositing of embeddings. Assign to this object the object E Bsc< n _|_ r:r corresponding to 

e Snglr< r _ 1)r _ x . Notice that dl^ = E™ x C^ 1 ) = E" = E" x C(i0''- 1 ) = lU^\- For the as- 
signment on spaces of morphisms, observe the identifications Bsc<„ i o(t/ ( j , Li , E^-i) = Emb(R™, R") = 

Bsc< n + r>r (C/r r _^, Wr-i) = Bsc< n + r>r (J70 r i^, L/T r _i). These assignments obviously describe a contin- 
uous functor over Top which is an injection on objects and an isomorphism on morphism spaces. 

Assume that the tautological fully faithful inclusion Bsc< Mj fc C Bsc<„ +r .fc +r . For now, denote 
this assignment on objects as U <— > U' , and on morphisms (justifiably) as / i— > f. Let us now define 
the tautological inclusion Snglr <n fc C Snglr <n+r k+r . Assign to X = (iX, A) E Snglr <n k the object 
X' = (iX,A') £ Snglr <Tl+r k+r with the same underlying space but with atlas A' = {(U',4>)}. The 
assignment on morphism spaces is tautological (hence the occurrence of the term). It is immediate 
that this inclusion Snglr <ra k C Snglr <n+ fc+r takes place over Top and under Bsc<„.fe C Bsc n+r ,fc +r . 
Obviously, X E Snglr< n k if and only if X' E Snglr< n+ fc+r . 

By induction, assume the first statement of the lemma has been proved for any kl < k. We 

now establish the tautological inclusion Bsc<„^ C Bsc< n+rj fc +r . Let U E Bsc< ny k- If U has depth 

less than k, then U' has already been defined. Assume that the depth of U is k. Then U is 

canonically of the form U = U x for some X E Sx\$r\_ x Then X' E Snglr< fc+r _ 1 has 

been defined. Define U' = U^T E Bsc< n+rM+r . Notice that dJ' = R( n + r )-( k + r T x C(lX') = ill . 

Let / E Bsc< n) fc(J7, V) be a morphism. If the depth of U or V is less than k, then by induction 

f 

we can regard / as a morphism U — > V . Assume both U and V have depth exactly k. Write 
U = U\ and V = Vy and choose a representative (/, h) of / = [(/, h)]. Then both / and h arc 
morphisms between singular manifolds of depth less than k. As so, we can regard them as morphisms 

R (n+r)-(k+r) RX , R ( n+r )-(k+r) R yl and R („+r)-(k+r) R(n+r)-(fc+r) which m fact rcprcscnt a 

morphism U — > V . This assignment on morphism spaces is tautologically a homeomorphism. This 
completes the first statement of the proof. 

The second statement follows by a similar induction based on the fact the space of morphisms of 
topological spaces Z — > is empty unless Z = in which case it is a point. 

□ 

2.4.1. Specifying singularity type. Given an arbitrary singular n-manifold X, one must contemplate 
'smooth' maps iXJ — > iX as U ranges over all singularity types (basics) of dimension n. Even 
when n = 1, this is a large amount of data — for instance there is a U for each natural number, 
corresponding to the valency of a graph's vertex. However, often one enforces control on allowed 
singularity types, considering manifolds which only allow for a certain class of singularities. 

Let C be a Top-enriched category. A subcategory L C C is a left ideal if d E L and c — > d E C 

implies c — > d E L. Notice that a left ideal is in particular a full subcategory. 

Let B C Bsc„ be a left ideal. Let A be a singular n-manifold. Denote by Xb C X the sub- 
singular n-manifold canonically associated to the open subset iX% = (J (j>(iU) C iX where the union 

is over the set of pairs {([/,</>) | U — > X with U E B}. Because B is a left ideal, the collection 

{(j>{bU) | B 3 U — > X} is a basis for the topology of lXq. Conversely, given a singular n-manifold 
X, the full subcategory Bx C Bsc„, spanned by those U for which Snglr n ([/, X) ^ 0, is a left ideal. 

Remark 2.18. It is useful to think of a left ideal B C Bsc„ as a list of n-dimensional singularity 
types, this list being stable in the sense that a singularity type of an arbitrarily small neighborhood 
of a point in a member of this list is again a member of the list. 

Definition 2.19. Let B C Bsc„ be a left ideal. A B-manifold is a singular n-manifold for which 
Xb — > X is an isomorphism. Equivalcntly, a singular n-manifold A is a B-manifold if Snglr n ([7, X) = 
whenever U ^ B. 

Example 2.20. The inclusion Bsc ra> fc C Bsc„ is a left ideal for each < k < n and a Bsc rai fc-manifold 
is a singular n-manifold of depth at most k. 
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Example 2.21. Let B C Bsci be the full subcategory spanned by R and ^{1,2, 3}- Then B is a left 
ideal and a B-manifold is a (possibly open) graph whose vertices (if any) are exactly trivalent. 

Example 2.22. Let C Bsc„ be the full subcategory spanned by the two objects l n and U™ 
whose underlying space is R n_1 x R>o- This full subcategory is indeed a left ideal. A D^-manifold 
is precisely a smooth n-manifold with boundary. 

As a related example, let C Bsc„ be the full subcategory spanned by the objects {Z7? fc _ I }o<k<n 
where it is understood that A -1 = and US' = W™. Because a neighborhood of any point in A k ~ x 

is of the form MP x C(A J_1 ) for j < k — 1, then this full subcategory is a left ideal. A D^-manifold 
is (one definition of) an n-manifold with corners. 

Example 2.23 (Embedded submanifolds). Let D*"^ C Bsc^ be the left ideal with the two objects 
{R™ , L r ^„_ d _ 1 }. The underlying space tUg n _ i _ 1 = R fc x CS n ~ d ~ l is incidentally homeomorphic to 
R™. However, the morphism spaces are as follows: 

Dj££(R n ,R n ) = Emb(R n ,R") - the space of smooth embeddings, 
D^ n d k ([/™„_ Ii _ 1) R") = 0, 

D^(R n , U™ n _ d _ x ) = Emb(R", R" \ R d ) - the space of smooth embeddings which miss the 
standard embedding R fc x {0} C R", 

Dj^(U^„-i-i,U^„_d-i) C Emb°(R n ,R") - the subset of those continuous embeddings / 
which fit into a diagram of embeddings 




in where the left and right vertical maps arc smooth, and the middle vertical map is 'conically 
smooth' - by this we mean there is a diagram of continuous maps 

R fe x (R x S n - k - 1 ) — ^-R fe x (R x S n - k - 1 ) 



J 



such that the top horizontal map is smooth and each vertical map is the composite R fc x 
(R x S n ~ k ~ 1 ) -> R fc x C{S n ~ k - 1 ) = R k x R"- fe . The first map is the quotient map to 
the open cone, and the last is the standard polar coordinates homeomorphism. This set 
is topologized with the quotient topology on the evident subspace of smooth embeddings 
Emb(R fc x R x S n - k - 1 ,TSL k x R x S™-^- 1 ) with the weak C°° Whitney topology. 
Evident from this description, there is the map of topological monoids D^ nk (L r g Il _ fc _ 1 , f7g„_ fe _^ 
Emb PL (R", R"), which extends to a topological functor 

D^ d k -> End Mfld " L (R",R") . 
In particular, there results a topological functor 

Mfld(D|$) -> Mfld£ L x Mfld d . 

A D* n d k -manifold is the data of 

• an n-dimensional PL-manifold M, 

• a properly embedded fc-dimensional PL-submanifold L C M, 

• a smooth structure on L, 

• a smooth structure on M \ L, 

• a smooth structure on the link Link^cM for which the maps L Linki C j\/ ^4 M \ L are 
smooth. 
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We refer to this data as a kink submanifold L C M. An example of such data comes from a properly 
embedded smooth £;-manifold in a smooth n-manifold, the smooth structure on the link amounting 
to the existence of tubular neighborhoods. Not all Dj^-manifolds are isomorphic to ones of this 
form - this difference will be addressed as Example 12.511 

2.5. Premanifolds and refinements. Assume we are given a Hausdorff topological space iX with 
a countable open cover by singular n-manifolds. Further assume the transition maps are morphisms 
in Snglr n . While the resulting atlas is not a priori maximal, we would still like to accommodate 
such objects. 

Definition 2.24. In Definition 12.21 the hypothesis Maximal can be dropped. The resulting Top- 
enriched category pSnglr n k is called the category of singular premanifolds. Evidently, there is the 
fully faithful inclusion Snglr„ k C pSnglr„ k over the faithful functors l to Top. 

Definition 2.25. A refinement is a morphism X — > X of singular n-premanifolds for which the 
map of underlying spaces r : lX — > iX is a homeomorphism. Refinements are clearly closed under 
composition. Define the category of refinements as the subcategory 

Rfn„ C pSnglr„ 

consisting of the same objects and with morphisms the refinements. 

Lemma 12 .3[ Lemma \2. 151 and Lemma \2. 161 are valid for pSnglr in place of Snglr. 

Example 2.26. Let X = (iX, A) be a singular manifold. An open cover U of lX canonically 
determines a refinement Xy — > X where the atlas of Xy is the subset Au = {(U, 4>) \ 4>(U) C O G 
IA\ C A. In this way it is useful to regard the data of a refinement of a singular manifold as an open 
cover. 

Lemma 2.27. Consider a pullback diagram in pSnglr n 

ri 

1 f 



in where r is a refinement. Then ri is a refinement as well. 

Proof. This is immediate from the description of the pullback in the proof of Lemma 12.161 □ 

There is the evident fully faithful inclusion Snglr n C pSnglr„. 
Proposition 2.28. There is a localization 

pSnglr„ t5 Snglr„ 

where the right adjoint is the inclusion. 

Proof. Let X = (t>X, A) be a singular premanifold. The value of the left adjoint on X is the singular 
manifold X = (lX,A) where A consists of those (U,<j>) for which there is a refinement jj A U 
and a morphism <j>; JJ — >• X over <\>. Clearly A is an open cover of tX. Let (U, 4>), (V, ip) £ A. The 
underlying space of the pullback of singular premanifolds if x x V is 4>(i-U) R i/j(lV). It follows that 
A is an atlas and that X — > X is a refinement. For X — > X 1 a refinement, then X — > X — > X' 
is a refinement. From Lemma 12.271 for each morphism U —> X 1 the morphism from the pullback 
U Xx' X — > U is a refinement. It follows that (U, 4>) G A. This proves that A is maximal. 

Suppose X —> X' be a refinement. For any U —> X' the morphism U Xx< X — > U is a refinement. 
It follows that (U, <t>) £ A and thus the continuous map iX 1 — > iX is a refinement of singular 
premanifolds. This proves that the adjunction is a localization. □ 
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Corollary 2.29. For each singular premanifold X there exists an essentially unique singular man- 
ifold X equipped with a refinement X — >■ X . 

Hereafter, unless the issue is topical we will not distinguish in notation or language between a 
singular-premanifold and its canonically associated singular manifold. 

2.6. Stratifications. For P a posct, by a P -stratified space Z, or simply a stratified space, we mean 
a continuous map Z — > P where P is given the poset topology (so closed sets are those which are 
upward closed). Here we explain how a singular n-manifold can be viewed as a [n]-stratified space. 

To do this, we define a continuous functors (— )j : Snglr„ — > Snglr <:( for each n, equipped with 
continuous natural transformations by closed embcddings t(— )j t for each integer j. For X a 
singular n-manifold we refer to Xj as its j stratum. 

We will accomplish this by double induction, first on the parameter n, then on the parameter k. 
For n < then Snglr„ = {0™} and declare (0")j = J <G Snglr <:/ , the closed inclusion is obvious. 

Assume (-)j and the closed inclusion i{— )j — > l have been defined for Snglr„, whenever n' < n. 
We now define these data for Snglr„. We do this by induction on k. For k = — 1 then Snglr n _j = 
{0"} and declare (0 n )j = & g Snglr< r 

Assume (-)j and the closed inclusion l{—)j — > t have been defined on Snglr n fc , whenever fc' < k. 
We now define these data for Snglr„ k . We first do this for Bsc„ ; fc. Let U = U Y G Bsc nj fe. If U has 
depth less than k then Uj and the closed inclusion iUj — > ill have already been defined. Assume 
the depth of U equals k. Define Uj through the expression 

([/"), = \± 

\ rn y (fc „ 1) _ ( „_ j) 

the righthand side of which has been defined by induction since the dimension of Y is k — 1 < n. 
We point out the following slippery cases: if (k — 1) — (n — j) = — 1, righthand side is Ug j _ 1 = W; if 
(k — 1) — (n — j) < —1, we invoke our convention that the righthand side is % 3 the empty j-manifold 
(see Terminology I2.5|) . This assignment (-)j is evidently functorial and continuous on Bsc„,fe. By 
our inductive assumption, there is a closed embedding ii^fe-i)-^-;/) ^> t>Y, which in turn induces 
the closed inclusion 

tUj = iU Y{h _ i) {n ]) = R n - k x c( t y (fc _ 1) _ ( „_ j) ) M n - fe x c(ty) = ^ = tu . 

To an arbitrary singular manifold (iX, A) we assign the pair (iXj, Aj) where iXj = IJ <fi(Uj) C iX 
is the union over (U, <f) £ A, and = {{Uj ,<p\Uj) I (^ 0) G -^'}- It is routine to check that (iXj , Aj) 
is a singular j-manifold. This assignment {—)j is evidently functorial and continuous on Snglr Tl k . 
The manifest inclusion iXj C iX is closed because it is locally closed. 

Remark 2.30. For j > n, the construction of the functor Snglr n — > Snglr <J agrees with the 
tautological inclusion of Lemma 12.41 

Clearly, j < j' implies tXj C tX,-' . The open complement tXji \ iXj canonically inherits the 
structure of a singular submanifold Xj j> C Xj' of dimension at most j' . Tracing through the 
construction of {—)j, the depth of Xj y is at most j' — j — 1. It follows that Xj-\ t j is a smooth 
j-manifold for each j < n. In particular if X has depth A: then X n - k is a smooth fc-manifold. 

We defer the proof of the following proposition to H6.7I It is in the proof of this proposition that 
the deliberate locally cone strucure is used. To state the proposition requires some vocabulary. 

Terminology 2.31. For the definition of a conically smooth map referred to below, see §6.71 For 
the time being, think of a conically smooth map as the singular version of a smooth map between 
ordinary manifolds. The definition of a conically smooth fiber bundle follows exactly the definition 
of a smooth fiber bundle - it is a conically smooth map dE — > B which locally has the form of 
a projection U x Z — > U with transition maps by isomorphisms of Z. For dE — > B a conically 
smooth fiber bundle with compact fibers, there is another conically smooth fiber bundle Cb{9E) 
called the fiberwise cone of dE — > B. This is defined locally through the functorial construction 
U x Z i-> U x C{Z). A fiberwise cone structure on a conically smooth fiber bundle E — >• B 

19 



is a conically smooth fiber bundle dE —> B with compact fibers, together with an isomorphism 
Cb(OE) = E of conically smooth fiber bundles over B. Note that a fiberwise cone structure on 
E — > B determines a cone-section B — > E and an isomorphism E \ S = R(dE) over -B. 

Proposition 2.32. Le£ X be a singular n-manifold of depth k. Then there is a fiberwise cone 

X n -k —t X n -k and a morphism X n -k A X G Snglr n for which the composition with the cone- 
section is the standard closed embedding L,X n -k tX . 

Corollary 2.33. Let X be a singular n-manifold of depth k. There is a pullback diagram in Snglr„ 

R{dX n ^ k ) X \ X n -k 



X n -k *~ X 

whose image under l is a pushout diagram. 

We have constructed for each singular n-manifold Y a continuous map S: CY — > [n] determined 
by S~ 1 {i | i < j} = cYj. We summarize the situation as the following proposition. 

Proposition 2.34. There is a standard factorization 

Snglr„ s- Top 




T °P[n] 

through [n] -stratified topological spaces. The unlabeled arrow is given by forgetting the stratification. 
Moreover, the stratified space [l)X is conically stratified and the j th open stratum iXj-i.j is a smooth 
j -manifold. 

2.7. Collar-gluings. We highlight a class of diagrams which will play an essential role to come. 
Fix a dimension n. 

Definition 2.35. A collar-gluing is a singular (n — l)-manifold V together with a pullback square 
of singular n-manifolds 

RV >-X + 

/+ 



for which /_(tX_) U = lX. We denote the data of a collar-gluing as X — X~ U_Ry X+. 

Manifestly, a collar-gluing X = X- Urv X + determines the open cover {f±(iX±)} of iX and 
thus canonically determines a refinement. 
Let us temporarily denote by 

Bsc„ C Snglr^ C Snglr„ 

the smallest full subcategory for which X = X- Urv X + with X±, RV G Snglr^ implies X G Snglr^. 
Explicitly, an object of Snglr^ is a singular n-manifold which can be written as a finite iteration of 
collar-gluings. 

Definition 2.36 (Finite singular manifolds). Say an atlas A of a singular manifold X is finite if 

(1) the set A is finite, 

(2) for each pair (U,4>),(V,ip) G A and each p G lX there is an element (W, n) G A with 

p g t](lW) g 4>{lU) n ip(iV) . 
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Say a singular manifold is finite if it admits a finite atlas. Denote by Snglr^ n C Snglr„ the full 
subcategory spanned by the finite singular manifolds. Similarly pSnglr^ 1 C pSnglr n is the full 
subcategory spanned by finite singular pre-manifolds. 

Proposition 2.37. The underlying space iX of a finite singular manifold X is homotopy equivalent 
to a finite CW complex. 

Proof. By induction on the depth k of X. The case k = is handled by way of standard Morse 
theory. From Corollary 12.331 we can write X = X n ^ k ^ r ^q X k ) ^ x Xn—k- m particular, there is 
the pushout diagram 

{0} x t(dX n - k ) i(X \ X„_ fc ) 



iX n -k lX 

is a homotopy pushout. There is a deformation retraction of tJ n _fc onto tX„_t. By induction all 
of bX n -k, t(X \ X n _fc), and b{dX n -k) admit a finite CW complex structure. The claim follows. 

□ 

Clearly, if X± and V are each finite then so is X. Therefore Snglr^ C Snglr^ 1 . 
Theorem 2.38. The inclusion SnglrJ Snglr^ n is an equivalence of categories. 

Proof. Let X = (lX, A) be a singular n-premanifold with A finite. We prove that X £ Snglr^ by 
induction on the depth of X. If X has depth zero, then X is an ordinary smooth n-manifold and 
the result follows from classical results. For instance, X admitting a finite atlas implies it is the 
interior of a compact n-manifold with boundary. Then use Morse theory. 
Suppose X has depth k. From Corollary 12.331 the diagram 



R(dX n _ k ) ^ X \ X n . 



X n -k *- x 

describes a collar-gluing X = X n ^k ^r^qx-) ^ x ^n-fc- The collection 

{(U n - k , (f> k ) | (U, fleA and 4>{U) n X„_ fc ^ 0} 

ib — 

is a finite atlas for X n _ k . For eachp £ tX n _k there is a morphism JTg — 5- X n ^k for which p <G ifj(U^). 
Because Z is compact, it too admits a finite atlas. It follows that both X n _k and dX n _k admit 
finite atlases. Likewise, the open cover {<p(iU \ /,£/„_&) | (U,4>) S .4} of X \ X n _ k admits a finite 
refinement by basics thereby exhibiting an atlas. The result follows. □ 

2.8. Categories of basics. This section is the culmination of our presentation of the geometric 
objects studied in this article. Here we define a category of singular n-manifolds equipped with a 
specified structures, an object of which we call a structured singular manifolds. 

For an ordinary smooth n-manifold, a structure is a continuously varying i?-structure on the 
fibers of the tangent bundle, where B — > BGL(R n ) is a fibration. Singular manifolds allow for much 
more creativity in their choices of structure. This is due to the fact that, while (the coherent nerve 
of) Bsc„,o is an oo-groupoid (i.e., a Kan complex), the quasi-category Bsc„ is far from being a 
groupoid. 

The idea is that a structure on a singular manifold X is a lift of the tangent classifier X — > Bsc„ 
to a right fibration over Bsc„. To implement this idea, we first establish the notion of a tangent 
classifier. 
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2.8.1. Tangent classifiers. For C a quasi-category, let V(C) denote the quasi-catcgory of right fibra- 
tions over C. We often denote a right fibration E — > C by E. There is a Yoneda functor C — > V(C), 
see [Lulj . §5.1.1 and §5.1.3, given on vertices as c4c:= (C/ c — > C). This Yoneda functor is fully 
faithful (meaning the map of homotopy types C(c, d) — > V(C)(c, d) is an isomorphism). 

Recall our convention that we do not distinguish in notation between a Top-enriched category and 
the quasi-category which is its coherent nerve. The inclusion Bsc„ C Snglr n induces a map of quasi- 
categories ^(Snglr^) — > V(Bsc n ) given by pullback (E — > Snglr n ) M> (Bsc„ Xs ng ir„-E)- Precomposing 

with the Yoneda map gives a map of quasi-categories (— ): Snglr„ — > P(Bsc n ), denoted on objects 
as 

(1) X m. (X ^ Bsc„) . 

We will often denote this value simply as X and refer to tx as the tangent classifier. 

Note there is an equivalence of Kan complexes \X\ ~ Sing(iY). To see this, consider the sub- 
quasi-category of Bsc„ whose edges U — > V are morphisms that extend to embeddings of compact 
spaces lII <-» iV. Over this lives a cofinal sub-quasi-category of X. Because each tU is contractible, 

\X\ = colim(Y 4,S)P colim(A ^> Bsc„ A S) A Sing(tA) . 

Remark 2.39. The situation X h-> (X — ^> Bsc n ) is a generalization of a familiar construction in 
classical differential topology. Suppose X is a smooth manifold. The map tx factors as X — ^> 
Bsc ?li o —> Bsc„. As we just witnessed, the quasi-category X is a Kan complex and is equivalent to 
lX . Moreover, Bsc„,o is a Kan complex and is equivalent to BO(n). Through these equivalences, 
the map X Bsc„.o is equivalent to the familiar tangent bundle classifier X ^> BO(n). 

If X is not smooth, then X is not a priori a Kan complex and the map X — > Bsc n retains more 
information than any continuous map from the underlying space iX. For instance, the map tx does 
not classify a fiber bundle per sc since the 'fibers' are not all isomorphic. 

Remark 2.40. The maps of quasi-categories Snglr rl — > "P(Bsc„) is very far from being fully faithful. 
For instance, in the case of smooth manifolds, this functor is equivalent to Mfld„ — > S/ so(n) to spaces 
over the classifying space of the orthogonal group. Surgery theory provided (non-trivial) obstructions 
to lifting an object on the righthand side to an object on the left, as well as obstructions to comparing 
two such lifts. 

2.8.2. Categories of basics. 

Definition 2.41. A category of basics (of dimension n) is a right fibration 

B -» Bsc„ . 

We refer to an object U £ B as a basic. Let B be a category of basics. Define the quasi-catcgory 

Mfld(B) = Snglr„ x P(Bsc „ ) (P(Bsc n ) /i3 ) . 

and refer to its vertices as B -manifolds. Likewise, we refer to the vertices in the quasi-categoroy 
pMfld(B) = pSnglr„ Xp(e sc j (V{Bsc n j) B as S-premanifolds. We will use i to also denote the com- 
position l: Mfld(B) Snglr„ 4 Top. 

Explicitly, a i3-manifold is the data of a pair (X, g) where X is a singular n-manifold and X A- B 
is a map of right fibrations over Bsc„. Unless the structure g is notationally topical, we will denote 
a £>-manifold simply as a letter X. 

Remark 2.42. The straightcning-unstraightcning construction is an equivalence of quasi-categories 
between V{Bsc n ) and the quasi-category Fun(Bsc° p , S) of functors to Kan complexes. As so, the 
datum of a right fibration is equivalent to that of a map of quasi-categories Bsc° p — > S. For B a 
category of basics, denote by the corresponding functor. We can reformulate the datum g of a 
S-manifold {X, g) as a point in the limit g G lim(A op Bsc° p — > S). That is, for each U — > X an 
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element gu 6 Q(U) and for each U — > — > X a path between gj/ and f*gv, and likewise for each 

sequence Uq -^-> • ■ • — — > A. In the case that these paths (and maps from higher simpliccs) are 
constant, this is a strict notion of a structure. 

Example 2.43. Let 0: Bsc° p — > Top be a fibrant continuous functor. The unstraightcning con- 
struction applied to gives a right fibration 

Be -t Bsc n 

whose fiber over U is a Kan complex equivalent to Sing(0([/)). 

Example 2.44. Let X be a singular n-manifold. Then X — >• Bsc„ is a category of basics. The data 
of a singular n-manifold Y together with a morphism Y -A X determines the X- manifold (Y,f). 
In general, it is not the case that every X-manifold arises in this way. 

Let C be a quasi-catcgory. Say a sub-quasi-catcgory C C C is a left ideal if the inclusion C — > C is 
a right fibration. Alternatively, say C C C is a left ideal if it is a full subcategory and for each ce£ 
the homotopy type C(c! , c) 7^ being non-empty implies d £ C. Being a full sub-quasi-catcgory, a 
left ideal is determined by its set of vertices. Note that the coherent nerve of a left ideal L C C of 
Top-enriched categories is a left ideal of quasi-categories. 

Remark 2.45. We point out a consistency of terminology. For B C Bsc„ a left ideal of Top-enriched 
categories, the two Definitions 12.191 and 12.411 of a B- manifold agree. 

Example 2.46. Let B C Bsc„ be a left ideal of Top-enriched categories. The map of coherent 
nerves 

B — y Bsc n 

is a category of basics. So for B — > B a right fibration over a Top-enriched left ideal of Bsc„, the 
composition B — > B — > Bsc„ is a category of basics. Conversely, for B — > Bsc„ a category of basics, 
the full subcategory B C Bsc„, spanned by those U for which the fiber Bjj is non-empty, is a left 
ideal of Top-enriched categories. 

Definition 2.47. Define the category of basics 

D„ -> Bsc„ 

as the coherent nerve of Bsc ni o- 

Example 2.48 (Framed 1-manifolds with boundary). Consider the left ideal I 1 C Bsci whose set 
of objects is {R, We point out that uUl = R>o- Define by I — > X' the (unique) right fibration 
whose fiber over R is a point, A , and whose fiber over Ul is A U A , the discrete simplicial set 
with two vertices. Explicitly, we write the vertices of I as R, R>_ 00 , and R<oo. An edge between 
two is a smooth open embedding which preserves orientation. An I-manifold is an oriented smooth 
1 -manifold with boundary, [— 00, 00] being an important example. 

f r 

We will denote by Mfldj' the quasi-category of I- manifolds. We will denote the full subcategory 
consisting of disjoint unions of basics by Disk-,/ ' . We will come back to this category in £13.41 

Example 2.49. Denote by the right fibration D^ r := (D„)/ Rn — > D„. It is unstraightcning of 
the continuous functor D° p — > Top given by D„(— ,R") whose value on R" (the only object) is 
Emb(R",R") ~ 0(n). As so, it is useful to regard a vertex of as a framing on R", that is, a 
trivialization of the tangent bundle of R™. Because D„ is a Kan complex, the slice simplicial set 
~ * is contractible. A D^-manifold is a smooth n- manifold together with a choice of trivialization 
of its tangent bundle. A morphism between two is a smooth embedding together with a path 
of trivializations from the given one on the domain to the pullback trivialization of the target. 
Composition is given by compositing smooth embeddings and concatenating paths. 
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Example 2.50. Let G A GL(R") be a map of topological groups. There results a Kan fibration 
between Kan complexes BG — > BGL(R"). Define the right fibration — > D n through the equiva- 
lence of Kan complexes BGL(R") D„. A D^-manifold is a smooth n-manifold with a (homotopy 
coherent) G-structure on the fibers of its tangent bundle. A morphism of such a smooth embedding 
together with a path from the fiberwise G-structure on the domain to the pullback G-structure 
under the embedding. 

Examples of such a continuous homomorphism are the standard maps from Spin(n), O(n), S0(n). 
The case * — > GL(R") of the inclusion of the identity subgroup gives the category of basis of 
Example 

Example 2.51. Recall the left ideal D* nk of Example 12.231 Consider the topological category k 
over Dj^"£ consisting of the same (two) objects R n and E^-n-i, and with morphism spaces given as 

• D^ fe (R n ,R n ) = D^ k (M",]R n ) = Emb(R'\R") 0(n), 

• D; >ib (M Tl ,C/™„_ Jt _ 1 ) = D I ^ k (R™,f/™,_ fc _ 1 ) = Emb(R n ,R n \R k ) S"-*- 1 x O(n), 
. D^ fc = Djjj] fe k (t^_ k _ 1 ,R») = 0, 

• D^ )i .(J7^„_ fe _ 1 ,?7^„_ fe _ 1 ) C Emb(R n ,R") - the subspacc consisting of those R n -4 R" for 
which there are the containments /(R fc ) C R fc and f(R n \ R fe ) C R" \ R fc . 

Composition for k is evident. There is the obvious topological functor k — > D^ nk , which gives 
a map of quasi-categories. This map of quasi-categories is equivalent to a right fibration 

which is unique up to canonical equivalence of right fibrations over D*^ (this is implemented as 
fibrant replacement in the model structure of right fibrations given in |Lulj ). More explicitly, the 
right fibration D n j. — > D^ n k can be obtained as the unstraightening construction applied to the 
coherent nerve of the topological functor 

(D^ k )° p ^Top 

given by assigning to R™ a singleton *, and to Ug n _ k _ 1 the space 

(Ug„- k -l, Ug n - h -l)/D' n ^(Ug n - k -l, Ug n -k-l) 

where the topological monoid D' nk (—,—) acts by post composition - this space has the homo- 
topy type of Diff(S , "~ fe ~ 1 )/0(n — k) and is interpreted as the space of smooth structures on 
R fc x C(S n ~ k ~ 1 ) which agree with the given conically smooth structure. 

A Dn^-manifold is a smooth n-manifold equipped with a properly embedded smooth fc-manifold. 
Provided n — 3 < k < n, then 0(n — k) Diff(5' Il_fc_1 ) is an equivalence (due to the proof of 
Smale's conjecture) and thus the right fibration D n ^ — > ^n"k ^ s an equivalence of quasi-categories. 
For this range of k then, there is no distinction between a D n fc-manifold and a D^ nk -manifold. A 
case of particular interest is (n, k) — (3, 1). 

Example 2.52. Let A be a set whose elements we call colors. Denote by D^ fc — > D„jt the right 
fibration whose fiber over R" is a point and whose fiber over f/gn-k-i is the set A. A ^-manifold 
is a collection {L a } ae j of pairwisc disjoint properly embedded smooth fc-manifolds of a smooth 
n-manifold M. 

As a related example, let S C A x A be a subset and denote by Df the category of basics over 
the objects R n and whose fiber over the first object is the set A of colors, and whose fiber 

over the second object is 5*. The edges (and higher simplicics) are given from the two projections 
S — > A. A D^-manifold is a smooth n-manifold together with a hypersurface whose complement is 
labeled by A, and the colors of two adjacent components of this complement are specified by S. We 
call such a geometric object a (S'-indexed) defect of dimension n. 
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Example 2.53. Recall the left ideal Dn of Examplc l2.22l Consider the continuous functor (D^) op — > 
POSet given by U^-i ^ {5 £ 7r (L(U^-i)j) < j < n} S ( s {i>- I n})op tne posct f components 
of the open strata with order relation S < T if 5 C T is contained in the closure - this poset happens 
to be a cube with (™) path components of the j open strata. Because morphisms in Bsc„ induce 
stratified maps of underlying stratified spaces, this assignment is evidently functorial. Denote by 
D/„\ — > Dh' the Grothendieck construction on this functor. Upon regarding it as a quasi-category 
via the coherent nerve construction, D(„} is a category of basics. A D( n )-manifold is an n-manifold 
with corners equipped with coloring of its strata. In particular, while the tear drop [—1, i^i is 
a 1-manifold with corners (in the sense of Example l2.22[) . it is not a D^-manifold. Often, this ( )- 
notion of a manifold with corners is easier to work with. For instance, the space of endomorphisms 
of an object over U^-i is contractible. 

Example 2.54. Recall the left ideal D„ ^ of Exanrple l2.51l Consider the standard homeomorphism 
£: R" = R fc x R"- fc i[/£„_ fc _ 1 R fc x C(S n - k - 1 ) given by £(u, v) = (u, \\v\\, AA. The restriction of 
the inverse ( = £, : C/^„_ fc _i \ R fc — > R" is a morphism in Snglr n - that is, a smooth embedding 
of ordinary n-manifolds. 

Denote by D f r [ k — > D n k the right fibration obtained as the unstraightening of the map D° p fc — > S 
given on objects as R™ H> D nj fc(R™, R"), Ug n _ k _-i >-> D„ ! fc([/^„_ fc _ 1 , 6 r ^„_ fc _ 1 ), on endomorphisms in 
the evident way, and on the remaining class of morphisms as 

(R" 4 t/^-O ' ^ (D n)fc (C/"„_,_ 1) ^„_ fc _ 1 ) D„, fc (R",R")) 

which is clearly continuous in the argument /. Observe that D\[ embeds into D f r [ k as the fiber over 
R". The fiber of k over the other vertex Ug n _ k _ 1 is what one can justifiably name the Kan 
complex of framings of Ug n _ k _ t . Via £|6.1[ this terminology is justified through the identification 
of the fiber over Ug n _ k _ 1 being canonically equivalent to a (twisted) product 0(fc)x Aut(S n ~ k ~ 1 ) 
which is the Kan complex of choices of 'trivializations of the tangent stalk of Ug n _ k _t at it center'. 

Consider the map of quasi-categories D Uy k —> A 1 determined by {R"} t-> 0, {L r ^„_ fc _ 1 } h-> 1. The 
composite map k —> D n ^ —> A 1 is an equivalence of quasi-categories. This is analogous to (and 
restricts to) ~ *. 

A D f 7 [ ^-manifold is a framed n-manifold and a properly embedded fc-submanifold equipped with 
a splitting of the ambient framing along the tangent bundle of this submanifold. 

Example 2.55. Fix a smooth embedding e: S k ~ 1 U S 1 ^ 1 — > S™ -1 . Regard the datum of e as a 
singular (n — I)-manifold, again called e, whose underlying space is S*™ -1 with singularity locus the 
image of e. Consider the left ideal D k ; n — > Bsc„ whose set of objects is {R™, L r ^„_ fc _ 1 , J7g„_i_i , U™}. 
A D^, l ^-manifold is a smooth n-manifold M together with a pair of properly embedded smooth 
submanifolds K,L C M of dimensions k and I, respectively, whose intersection locus is discrete and 
of the form specified by e. As a particular example, if k + I = n and e is the standard Hopf link, 
then a D^, l ^-manifold is a pair of submanifolds (of dimensions k and I) of a smooth manifold which 
intersect transversely as a discrete subset. 

Example 2.56. Recall the category of basics D„.fc of Example 12.511 There is a standard map of 
enriched categories — > D3 1 given by the assignments of objects R 2 >->• R 3 and Ug M> [/Ji, and 
on spaces of morphisms as 

• D 2 ,i(R 2 ,R 2 ) = Emb(R 2 , R 2 ) Emb(R 3 ,R 3 ) = D 34 (R 3 ,R 3 ), 

• D2,i(U% ,U% ) D 3A (Ul l7 U^) given from the identification R x (RxC(5 )) ^RxC(S' 1 ), 

• D 2 ,i(R 2 ,[/ 2 ) = Emb(R 2 ,R 2 \R 1 ) ^> Emb(R 3 , R 3 \R 2 ) c — > Emb(R 3 ,R 3 \R) = D 3il (R 3 , U^). 

Modify the map of quasi-categories D24 — > to a right fibration. For concreteness (though un- 
necessary) the fiber of this right fibration over R 3 is S 2 = 0(3)/0(2), over is S 1 = 0(2)/0(l) ~ 
Diff(S* 1 )/ DifF(S°), and over an edge with a prescribed lift of its target isZxZx5 2 - hofib(5° 
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S 1 ) x 0(3)/0(2). Regard a link in R 3 as an D3 x-manifold L. A reduction of the structure category 
(think "structure group" ) of L to D2,i - that is, a lift of the tangent map 



D 2 ,i 



D 



3,1 



is the data of a non- vanishing vector field on M 3 which is transverse to the link. This lift is equivalent 
to a right fibration associated to a D2 i i-manifold if and only if the link L is equivalent to the trivial 
link. 



2.8.3. Collar- gluing s. Recall the structure functor Bscfc - 
quasi-categories. Denote the pullback in quasi-categories 



-> Bsc„ - it gives a right fibration of 



(2) 



Bsci 



B 



Bsc„ 



thereby defining the quasi-category and map 



(3) 



Mfld(Bfc) 



-¥ Mfld(B) . 



Employ the notation B <r = U <fc< r Bfc and likewise for Mfld(B< r ) = Uo<fc<r 
canonical maps R~ : B <r B and R~ : Mfld(B< r ) -> Mfld(B). 



Mfld(Bfe). There are 



Definition 2.57. A collar-gluing of B-manifolds is a collar-gluing X = A_ Dry X + of singular 
n-manifolds together with a map over Bsc„. Notice that a collar-gluing of B-manifolds 

X = A_ Urv X+ determines and, up to canonical equivalence, is determined by a diagram of 
B-manifolds 



R(V,g ) 



f- 



(X+,g+) 
f+ 



(X-,g-) 

in where (V,go) is a B„_i-manifold and for which U f+(iX+) = lX. We denote a collar- 

gluing of B-manifolds as X = X- Urv X+ . 

Temporarily denote by B C Mfld(B) 1 C Mfld(B) the smallest full sub-quasi-category closed under 
collar-gluings. The following corollary is an immediate consequence of Theorem 12.381 

Corollary 2.58. There is an equivalence of quasi-categories 

Mfld(B) x ~ Mfld(B) fin . 

3. Homology theories 

In this section we define the notion of a homology theory for B-manifolds. Roughly, a homology 
theory for B-manifolds (valued in the symmetric monoidal category C®) is a functor H : Mfld(B) — ► C 
for which 

• Uh>(8, 

• {isotopies} H> {equivalences}, 

• H satisfies an excision axiom (see Definition 13. 34j) . 

• Sequential colimits are preserved. 
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This is in fact a generalization of the usual Eilcnbcrg-Steenrod axioms, as we will sec in ij3.7l Recall 
that in the Eilcnbcrg-Steenrod axioms, the excision property can be phrased as sending pushout 
diagrams to certain colimit diagrams. While this is a fine definition if the domain is the category 
of spaces, the category of £>-manifolds admits very few pushouts. As so, collar-gluing diagrams 
(Definition I2.57j) will play the role of pushout diagrams. 

Our definition of a homology theory for B-manifolds is intended to accommodate many examples, 
which typically depend on the specifics of B. While at first consideration a homology theory is a 
huge amount of data, being an assignment of an object of C for each £>-manifold, our main result 
is a consolidation of this information. Specifically, Theorem 13.361 characterizes homology theories 
for S-manifolds as Disk(S)-algcbras (Definition 13. 6[) . This is analogous to the situation in classical 
algebraic topology where a generalized homology theory is determined by its value on a point. In 
practice a Disk(S)-algebra is a manageable amount of data. The examples in ^SJwill illustrate this. 

3.1. Symmetric monoidal structures and Disk(,B)-algebras. In this section we observe that 
disjoint union defines a symmetric monoidal structure on Mfld(£>) and we define the notion of a 
Disk(£>)-algcbra. We make use of Lurie's theory of oo-operads, specifically of symmetric monoidal 
quasi-categories; see |Lu2j . §2. We will also utilize the coherent nerve construction to pass from a 
Top-enriched symmetric monoidal category to a symmetric monoidal quasi-category. 

Recall Definition 2.0.0.7 from |Lu2) that a symmetric monoidal quasi-catcgory is a quasi-category 
C® equipped with a map C® A Fin, to the nerve of the category of pointed finite sets, such that 

• p is a coCartcsian fibration 

• Let J be a finite set and let J+ = J U {+} denote the finite pointed set with basepoint +. 
For every j s J, define pj : J + — > {j}+ to be the map of based finite sets for which j t— > j 
and j =/= j' t— > +. The induced map of fibers 

n(ft-)*:cf + ^n c § }+ 

is an equivalence of quasi-categories. 

A symmetric monoidal functor C® — > T>® , or a map of symmetric monoidal quasi-categories, is a 
map of quasi-categories over Fin* which sends coCartcsian edges to coCartesian edges. For C® a 
symmetric monoidal quasi-catcgory, we dente the fiber over * + G Fin, by C and refer to it as the 
underlying quasi-category of C®. 

Via the straightcning-unstraightcning equivalence, a symmetric monoidal quasi-category is equiv- 
alent to a functor C® : Fin, — > Catoo to the quasi-catcgory of quasi-categories for which C®( J) —> 

rwc®a?}). 

Example 3.1. Recall the quasi-category S of Kan complexes. Denote by S x — >• Fin, the oo- 
operad of spaces under Cartesian product which is defined as follows. Denote by Fin* Fin, the 
Grothendieck construction on the functor assigning to J+ the category V(J) op which is the opposite 
of the poset of subsets of J. A p-simplex of S x over A p Fin, is a map A: A p Xp mt Fin* — > S for 
which for each < i < p the restriction 

d\ l} A: V(o-(i))° p = A« x CT(i) P(aW)° p -> S 

witnesses d^A(J) as the product Ilje J Then S x — > Fin, is an oo-opcrad. (For details, 

see [TuU, §2.4.1.) 

So a vertex of S x over J + is a J-indcxcd collection of Kan complexes. An edge of S x over 
J + — > K + is an J- indexed collection of Kan complexes (Xj)j e j, a K-'mdexed collection of Kan 
complexes (Yk)kt£K , and for each k G K a map ri/(j)=fc ^-j ^fc- 

Example 3.2 (coCartesian symmetric monoidal quasi-categories). Let C be a quasi-category. Define 
the oo-operad C u as follows. Denote by Fin, — » Fin, the Grothendieck construction on the functor 
assigning to J + the set J, regarded as a category with only identity morphisms. A p-simplex of C u 
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over A p A- Fin* is a map U: A p Xpm, Fin* — > C. It is shown in |Lu2j §2.4.1 that C u — > Fin* is an 
oo-operad. 

Explicitly a vertex of C u over J + is an J-indexed collection of objects of C. An edge of C u over 

J + — > A + is an J-indexed collection of objects (cj)j^j, a A'-indexed collection of objects (dk)k&K, 
and for each pair (j, k) with f(j) = k a map a, — > d^. 

The underlying category of C u is C. If C admits coproducts there is a map of quasi-categories 
C u — > C given by ( J, (c^)) M- Uj g j Cj and C u is a symmetric monoidal quasi-category. In this case, 
we refer to C u as a coCartesian symmetric monoidal quasi-category. 

We record the following example expressly for use in £ 15.3.31 

Example 3.3. Recall that a morphism J + — > K + € Fin* is ineri if / _1 (fc) is a singleton for each 
fc G A'. Clearly, inert morphisms are closed under composition. Denote C^ ert = (Fin*); nert Xpin, C u . 
The canonical map C^ ert — > Fin* is the free oo-opcrad on C. 

Example 3.4. Let (C, (8, 1) be a symmetric monoidal Top-enriched category. Define the Top- 
enriched category C® — > Fin* over finite pointed sets, whose objects are pairs (J, (cj)j e j) consisting 
of a finite set J and an J-indexed sequence of objects Cj G C. Define the space of morphisms 

c®((j( C ,)),(A,(d fc )))= ii n c ( 

The map C® — > Fin* is obvious. Composition in C® over J + A A + A L + is given by 

((uk)keK, MieL) H- (u; o («'{ !? (fc)=i} u fc)) ieL - 

Then the coherent nerve of C® — > Fin* is a symmetric monoidal quasi-category. 

Definition 3.5 ( [Lu2] 2.1.3.1). Let C® and 0® be symmetric monoidal quasi-categories. A 0®- 
algebra in C® , or simply an 0-algebra in C if the <8>-structures are understood, is a map of coCartesian 
fibrations over Fin* 

A: 0® C®. 

The quasi-category of such functors is denoted Alg (C®), or sometimes Fun®(0®,C®); it is evidently 
functorial in the variables 0® and C®. 

Recall that (Snglr n , U, 0) is a symmetric monoidal Top-enriched category. There is an obvious 
morphism of symmetric monoidal quasi-categories Snglr^ 1 — > V(Bsc n ) u given by ( J, (Xj)j e j) M> 
(J, (Xj)j e j). Denote by 

SngDisk„ C (Snglr n ,U,0) 

the smallest sub-symmetric monoidal Top-enriched category whose underlying Top-enriched category 
contains Bsc„. Now fix a category of basics B. 

Definition 3.6. Define 

Mfld(B) u = Snglr.^ x P(B5Cn) „(P(Bsc n ) /B ) u 

which is a coCartesian fibration over Fin* and therefore a symmetric monoidal quasi-category. Define 
the sub-symmetric monoidal quasi-category 

Disk(i3) u = SngDisk^ x v{Bsc) u {V(Bsc n ) /B ) u c Mfld(£) u . 

Denote the underlying quasi-category of Disk(£>) u as Disk(£>). We refer to Alg Disk (g) (C®) as the 
category of Disk(,6)-algebras (in C). 

Notation 3.7. Recall the category of basics D„ from Definition 12.471 and the various elaborations 
given in the examples following. We denote 

Disk n = Disk(D„), Disk f „ r = Disk(D f „ r ), Disk^ = Disk(D^), Disk*, = Disk(D* fc ) 

and likewise for other elaborations on D. 
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Example 3.8. A Disk^-algebra in C® is an algebra over the little n-disk operad in C® . In particular, 
a Disk^-algebra in C® is an A^-algebra in C® . 

Example 3.9. Consider the category of basics D^ ,fr which is a framed version of Example 12.221 A 
Disk^' fr -algebra is the data (A,B,a) of a Disk'j-algebra A, a Disk^^-algebra B, and an action 

a: A — > HH* fr (B) := Mod°' sk "~ 1 (B, B) 

which is a map of Disk^-algebras; this reformulation is the higher Deligne conjecture, proved in this 
generality in |Lu2j and jThj . 

Notice that the underlying quasi-category of Mfld(S) u is Mfld(£>). Explicitly, an object of 
Mfld(£>) u is a finite set J together with an J-indcx collection (Xj, gj)jeJ of 23-manifolds. A mor- 

phism ( J, {Xj,gj)) — )• (K, (Yk, hk)) is a map J + — > K + together with morphisms U/(j)=fe(^j ' 9j) 
(Yk, hk) of S-manifolds for each k G K. Such an object (J, (Uj)) is in Disk(£>) u if for each j G J the 
S-manifold Uj is a disjoint union of basics. 

The quasi-category V(Bsc n )/t3 admits finite coproducts. There is a commutative diagram of 
quasi-categories 

M fld(B) u (V(Bsc n ) /B ) u 



Mfld(B) ^P(Bsc„) /B 

where the left downward arrow is given by disjoint union (J, (Xj,gj) ae j) H> UjeJPO'Sj) an( i * ne 
right downward arrow is given by coproduct (A, (Ej , gj)jej) ^ LLye/^j' 9j)- 

Variation 3.10. In Definition 13.61 one could replace Snglr by pSnglr to obtain the symmetric 
monoidal quasi-category pMfld(S) u . The equivalence of quasi-categories pMfld(£>) ~ Mfld(£>) of 
Theorem 16.321 induces an equivalence of symmetric monoidal quasi-catcgorics 

(4) pMfld(6) u ~ Mfld(£) u . 

Likewise, there is the symmetric monoidal quasi-category (Mfld(£>) ) u . 

Remark 3.11. We warn the reader that, while the symmetric monoidal structure on Mf Id (i3) u 
comes from disjoint union of S-manifolds, this symmetric monoidal category Mfld(£>) u is not a 
coCartesian symmetric monoidal category. Indeed, disjoint union is not a coproduct in Mfld(£>), 
which admits very few colimits since all morphisms are monomorphisms. 

3.2. Factorization homology. Every object X 6 Mfld(S) represents a functor Mfld(£>) op — > S. 
Restriction along Disk(£>) C Mfld(£>) defines a presheaf 

E x : Disk(B) op -»■ S. 

Covariantly, given A a Disk(£>)-algebra in a symmetric monoidal quasi-category C, we denote again 
by A : Disk(£>) — > C the restriction to the underlying quasi-category. We will define factorization 
homology of X with coefficients in A as the coend constructed from these two functors, but we first 
make an assumption on the target category C. 

Definition 3.12 (*). A symmetric monoidal quasi-category C® satisfies condition (*) if the under- 
lying category C admits (small) colimits and for each c £ C, the functor C — ^> C preserves filtered 
colimits and geometric realizations. In particular, for each vertex c G C and each space (=Kan 
complex) K the constant map K A C admits a colimit. We denote this colimit as K (g> c G C and 
refer to the map - ®- :5xC->Cas the tensor over spaces. 

Remark 3.13. Note that since C admits all small colimits, it is tensored over spaces. Also, condition 
(*) implies the stronger property that — ® c preserves all sifted colimits. (Sec Corollary 5.5.8.17 

of [eh].) 
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Example 3.14. The symmetric monoidal quasi-category Ch u of chain complexes with direct sum 
satisfies condition (*). In particular, the functor V © — preserves geometric realizations (although 
it does not preserve more general colimits, such as coproducts). 

Definition 3.15 (Factorization homology). Let C be a symmetric monoidal quasi-category which 
satisfies (*). Let A G Alg Disk ( B \(C®) and let X <G Mfld(£>) regarded as a vertex in the underlying 
quasi-category of Mfld(£>) u . We define 

(5) / A := E x (9) A ~ colim (g) A(U k ) G C 

to be the coend of Disk(B) op x Disk(B) ExxA > S x C ^ C, the second map being the tensor 
over spaces. In ([5]) we have equivalently written this coend as a colimit over the quasi-category 
Disk(£) /A - := Disk(S) XMfid(B) MM{B) /X . 

We refer to the object J x A 6 C as the factorization homology of X with coefficients in A. 

Remark 3.16. Under the assumption (*) on C®, the expression defining factorization homology 

of X is equivalent to Lurie's operadic left Kan extension of Disk(£>) u — >• C® along Disk( J B) u — > 
Mfld(£>) u , evaluated on X. (We refer readers to §3.1.2 of [Lu2] for a general treatment.) We will 
make use of the universal property of operadic left Kan extensions throughout, so wc comment 
briefly on this equivalence. 

Using that Disk(£>) u — > Fin, is a coCartcsian fibration, the defining expression for the weak 
operadic left Kan extension, evaluated at X, can be written 

(6) colim ( (g) A(U k ) 

(K,(U k j)-^+X k £K 

where the colimit is taken over (DiskfB)^) /x '■= Disk(B)^ ct x Mf | d ( B )u (Mfld(S)a Ct )/x- The notation 
'act' signifies that we only consider active morphisms. (Recall that a morphism / in Fin* is called 
active if f^ 1 (+) = +, where + is the base point of the source and target of /. The active morphisms 
in a symmetric monoidal quasi-category arc those morphisms which are coCartcsian lifts of these 
/. Sec Definition 2.1.2.1 of [Lu2] .) 

Because Disk(£>) u —5- Fin* is coCartesian, then so is the pullback to active morphisms Disk(£>)j^ ct — > 
(Fin*) act . Notice that the fiber over {1}+ G (Fin*) act of this latter map is the underlying category 
Disk(S). The object {1}+ £ (Fin„) act is terminal and therefore the inclusion Disk(S) C Disk(Z?)^ ct is 
cofinal. Because Disk(£>) /x — > Disk(S) is a right fibration, it follows that the morphism Disk(£>) i X — > 
(Disk(S)^ ct )/x is cofinal as well. 

This colimit ([5]) can be rewritten as a geometric realization. Assumption (*) ensures that the 
operation — ® c preserves weak operadic colimit diagrams with shape A op . It follows that the 
expression ([6]) computes the operadic left Kan extension. 

Remark 3.17. By the universal property of operadic left Kan extension, one can also characterize 
factorization homology as a left adjoint. Specifically, note that the inclusion of symmetric monoidal 
quasi-categories Disk(S) u C Mfld(£>) u induces a restriction functor 

p: Fun®(Mfld(S) u ,C®)^Alg Disk(e) (C®) . 

Then the pair J and p define an adjunction 

(7) J : Alg Di5k(e) (C«) t» Fun«(Mfld(B) u ,C®): p. 

Example 3.18. It is definitional that A A(U) G C for any basic open U G B. 

Notation 3.19. The symbol J x A was only defined for X a £>-manifold. However, if X £ 7- > (Disk(S)) 
is any right fibration, then the same expression defining J x A as a colimit is valid. In this way, we 
extend notation and obtain a functor J : Alg Disk ( B )(C®) — > Fun® (pMfld(£>) u , C®) to S-premanifold- 
algebras. 

30 



Lemma 3.20. Let X be a B -premanifold and let X — > X be a refinement. The induced morphism 




is an equivalence of functors Alg Disk ^g-j (C®) — > C. 

Proof. This follows immediately from ((4]) which was a consequence of Theorem 16.321 □ 

Remark 3.21. We discuss the relation of our work to that of Costello and Gwilliam in jCGj . In 
Costello and Gwilliam's definition of a factorization algebra, one does not endow the set of opens 
U C M with a topology (let alone fix a fibration over the space of embeddings) , and one imposes 
a cosheaf-like condition to ensure a local-to-global principle. In contrast, we work with categories 
which see the topology of embeddings U —> M, and we have no need to impose a cosheaf condition — 
in light of Theorem 16.321 factorization homology automatically satisfies such a condition. (Namely, 
for every cover of a basic U <G B, which we think of as a refinement if — > U, the edge f-g A ^> A(U) 
is an equivalence in C) 

It is precisely the right fibration condition of Definition 12.411 which guarantees this cosheaf prop- 
erty for the structures we consider, and which generally lends the content of this article toward 
homotopical techniques. This comes at the cost of excluding potentially interesting geometric ex- 
amples (such as in holomorphic or Riemannian settings), where the natural maps to Bsc„ are not 
right fibrations. 

Remark 3.22. Factorization homology appears closely related to the blob complex of Morrison- 
Walker, both defined by a coend construction, at least for their values on closed manifolds. The 
blob complex, or cobordism hypothesis construction a la Lurie, can take as input an n-category 
5B"j4, which intuitively has an single &-morphism for k < n, and whose n-morphisms are equivalent 
to A. One can define the functor J A on closed n-manifolds using < B n A rather than A. That is, 
there exists a commutative diagram 

Disk£-alg(C®) »- Fun®(Mfld f „ r ,C) rcstrict > Fun®(Mfld f „ rxlosed , C) 



Cat„(C®) 

where Mfld' r,closed is the full groupoid of Mfld n consisting of closed n-manifolds and diffeomorphisms. 
However, there does not exist a functor from Cat n (C®) to Fun®(Mfld^, C) making the above diagram 
commute. This is because the functor 03™ is not fully faithful (the space Map(*B n /l, Q3 n C) is quotient 
of Map(A,C) by the (n — l)-fold delooping of the group of units of C), whereas the factorization 
homology functor J is fully faithful, in particular by Thcorcm l3.36l 

3.3. Push-forward. We introduce a technique making the expression ([5]) defining factorization 
homology far more computable. 

Fix two categories of basics Bq — > Bsc^ and B — > Bsc„. Any map Bo — > Mfld(S) determines a 

map of symmetric monoidal quasi-categories Disk(So) u > Mfld(£>) u . Operadic left Kan extension 

defines the right vertical map of symmetric monoidal quasi-categories 

Disk(£ ) u *- Mfld(£ ) u 

F u L% 

Mfld(25) u ^T{B) U . 

The passage to P(B) U guarantees there are enough colimits for the Kan extension to exist, but 
we seek conditions under which the Kan extension factors through Mfld(£>) u . We will prove in 
Lemma 13.261 that the following definition suffices. We use the notion of conical smoothness, which 
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is a suitable notion of smoothness for continuous maps between underlying singular manifolds (of 
possibly differing dimensions), visit M6.4I for a definition. 

Definition 3.23. A Bo-family (of B -manifolds) is a pair (F,j) where F : Bo — > Mfld(i3) is a map 
of quasi-catcgories and 7 : l o F — > 1 is a natural transformation by conically smooth maps. We will 
often denote the data (F, 7) of a £>o-family simply by the letter F. 

Example 3.24 (Product bundles). Let B' — > Bsc„_d be a category of basics, and let q : Bo x B 1 —> B 
be a map over Bsc^ x Bsc,,^ — > Bsc„. Fix a B'-manifold (X,g'). The assignment (V,h) H> (V x 
X,q(h,g')) describes a map of quasi-categories Pr^ : £> —> Mfld(B) which is evidently over (the 

coherent nerve of) Bsc^ — > Snglr„. Moreover, there is the natural projection l(V x X) — > iV . 

A particular example of this is for Bo = B„-k and B' = Bk with q: B n -k x Bfe — »• B the standard 
map over Bsc n _& x Bsc^ Bsc„ - recall (O from ij2. 8.31 for this subscripted notation. In this way, 
each B n -k -manifold Y determines a map of categories of basics Pry : Bk — > Mfld(£>) which in turn 
determines a restriction map denoted 

f f Pr Y 

J^ - Al gDisk(B)(-) -> AI SMfld(B)(-) — -> Al gDisk(B fc )(-) ■ 

Now fix a Bo-manifold P. One can elaborate the above example to give examples of bundles 
over P with fibers £>'-manifolds. Given a map Bo x B' B as before, this is an example of a 
(£>o)/p-fauufy of B- manifolds. Because we never use such examples, we will not develop them in 
proper detail. 

Example 3.25 (Collar-gluings). Recall the category of basics X from Example 12.481 whose set of 
objects is ob I = {M.>- 00 ,M.< 00l ~R}. Note that the I-manifold [— 00,00] is not a basic. 

Let (X, g) = (X'_,g'_) U(Rv,g ) (X' +7 g' + ) be a collar-gluing of £>-manifolds. Choose a conically 
smooth map h: iX — > [—00, 00] so that h^ RV : R x iV — > [—00, 00] is the projection followed by a 
standard smooth monotonic map R — > [—00,00] which restricts to a diffeomorphism (—1, 1) = R. 
(Such a conically smooth map can be constructed using conically smooth partitions of unity (see 
Lemma l6.24|l .) The choice of a standard diffeomorphism R = (—1,1) gives a morphism RV —> 
R(-i i)V C RV which we use to rewrite the collar-gluing (X,g) = (.XL, g~) ^(Rv,g ) (-X+j 9+) with 
(X-tg-) = (XL \ (R>i x V), {g'_)\xj and likewise (X+,g+) = (X' + \ (R<_ x x V), (g' + )\x + )- Then 

h~ 1 R>- 00 =LX-, h- l R< 00 = iX+, and h~ 1 R = LRV 

so one has a I-family of B-manifolds given by 

• G: 1 — > Mfld(S) given by R>-oo H> R<oo >-> lX + , and R 1— > lRV; where the assign- 
ment on morphisms of X is obvious. 

• 7: lG — »• i is given on an object U as ju = fyit/- 
We will use this observation to prove Theorem 13.331 

Lemma 3.26. Let F be a Bo-family of B -manifolds. Let P be a Bo-manifold regarded as a vertex of 
the underlying quasi- category of Mfld(£>o) u . There is a natural lift of the value of the Kan extension 
L F {P) to an object o/Mf!d(B). 

Proof. Define the composition / : Bo — > Mfld(£>) — > Snglr n . We will describe a £>-manifold (f{P), go) 
lifting Lp{P). We first describe the singular n-manifold f(P) lifting the left Kan extension of 

Disk(£>o) — > Snglr^ 1 along Disk(S ) u C Mfld(23o) u - As discussed in Remark f3.16l we compute this 
operadic left Kan extension as the left Kan extension of the map on underlying quasi-categories 
Disk(Bo) Snglr„ along Disk(2? ) c Mfld(B )- 

We define the singular n-premanifold f(P) as follows. Consider the topological space 

if{P) :=colim t /(y) 
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which is the strict colimit over the category whose objects are morphisms from basics V — > P and 
whose morphisms are factorized maps V — s- W — >• P. We take this colimit in the category of (not 
necessarily compactly generated Hausdorff) topological spaces. 

Hausdorff: The natural transformation 7 determines a continuous map 17: if{P) —> tP ■ Let 
p,q G if{P)- If is)(p) 7^ nil) then because the collection {lV — > iP} forms a basis for 
the Hausdorff topological space tP, then there are separating neighborhoods of p and q. 
If lj(p) = tj(q) then there is a morphism V — > P for which the image of if(V) —> if(P) 
contains p and q. Because each such if(V) — > t/(P) is an open embedding, and because 
if{V) is Hausdorff, then there are separating neighborhoods of p and q. 
Second Countable: The collection {if(V) — > t/(P)} forms an open cover of lF(P). Because P admits a 
countable atlas, if{P) is second countable. 

Atlas: The collection A = {(U,<j>) | U A f(V) G Snglr„ with V ^ P e Snglr d } clearly gives 
an open cover of f(P) and forms an atlas for f(P). 

Though it is not necessarily the case that the atlas A is maximal, this is accounted for through 
Theorcm l6.32l From Lemma [6]3T] the open cover from A realizes the right fibration f(P) G ■p(BsCn) 
as the necessary colimit computing the value on P of the left relevant Kan extension. 

The canonical map 

Map Bsc (f(P),B) ~ MapB^fcolim/OO.B) ^ lim Map(f(V), B) 



is an equivalence. There results a canonical section g$: f(P) 
is the given section for F(V). 



B whose restrictions to each /(V") 



□ 



Definition 3.27. Let C® be a symmetric monoidal quasi-category. and let F: Bq — > Mf\d(B) be a 
map of quasi-categories. Let A: Disk(£>) u —> C® be a Disk(i3)-algebra. We refer to the composition 

F*A: Bq Mfld(B) u ^> C® . 

as the push-forward of A along F. Evident by construction, push-forward is functorial with respect 
to algebra maps in argument A. 

Theorem 3.28 (Pushforward formula). Let A be a Disk(Z5)- algebra in C. Let F be a Bo-family of 
B -manifolds and let P be a Bo-manifold. Then there is a canonical equivalence 



F*A 



A 



L F (P) 



in C. 



Proof. This follows from transitivity of operadic left Kan extensions (see Corollary 3.1.4.2 of |Lu2j ). 
Namely, for a fixed Disk(£>)-algebra A, the diagram of symmetric monoidal quasi-categories 



F u 

Mfld(£) u 
Disk(2?) u 



■T{B) U 




Mfld(B ) u 



fF.A 



commutes, where all arrows in the triangle are defined using operadic left Kan extension. For the 
reader uneasy with the (immense) machine of operadic left Kan extension, we will observe the 
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following string of equivalences from unwinding definitions. Fix a So-manifold P. 
I A ~ colim 6?) A(Ui) 

J Lf (P) U ]eJ U^L F (P) Jfj 



colim colim (S?) A{U, 



colim (X) colim (X) A(U. 



colim 6d A 



keK 

colim (S?) F*A(Vfc) 

□ 

3.4. Factorization homology over a closed interval. Recall the category of basics X of Exam- 
ple 12.481 Any B-manifold X with a collar-gluing can be thought of as an I-family of £>-manifolds. 
(See Example 13.251 ) So the factorization homology of X can be computed by pushing forward to 
the closed interval [— oo, oo], and taking factorization homology of [— oo, oo] with coefficients in the 
resulting Diskf ' fr -algebra. Thankfully, the structure of such an algebra is simple. 

Example 3.29. Let C be the (nerve of the) category of vector spaces over k, with monoidal structure 
given by An object of Alg Disk a,fr(C®) is the following data: 

(1) A unital associative algebra Ar = A(R). An embedding lUK -> i determines the mul- 
tiplication map. The inclusion of the empty manifold into K determines the unit of A^. 
Associativity follows from factoring an oriented embedding (I U 1 U 1) —> K through an 
oriented embedding 1 U R -> R in evident ways. 

(2) Two vector spaces M_ = yl(R>_oo) and M + = A(]R< 00 ) each receiving a map *j : k — > Mi. 
The maps *j correspond to the inclusion of the empty manifold into R>_ 00 or into K<oo- 
The index i is over the values — and +. 

(3) A right module action fi- : M_ <8> Ar — > compatible with the map *_, in the sense that 
the following diagram commutes: 

®A K 



M_ . 



The action ^_ is determined by an embedding IR^-oo Ul-> M>_oo. And likewise for M + , 
which is a left module over Ar rather than a right module. 

In general, the object Ar := A(M) is a unital A^ algebra and the objects M_ := A(R>_oo) 
and M4. := ^(IR^oo) are right- and left- modules over this algebra, respectively. We claim that 
the factorization homology of A over a closed interval is precisely the (geometric realization) of the 
two-sided bar construction Bar.(M_, Am, M+): 

Proposition 3.30. Let A be a X-algebra. There is a natural equivalence 
(8) I A ~ A(M>_oo) ® A(R< C 

34 




between the factorization homology of the closed interval and the two-sided bar construction of the 
left A(R)-module A^^) and the right A(R)-module A(R>_oc). 

Recall from its defining expression that the lefthand side of ([8]) is computed as a colimit over the 
quasi-category (Disk^' fr )/[_ oo oc ] . We study this quasi-category directly. 

The underlying space of an arbitrary object X S Disk^' fr is canonically of the form 

lX = M> e J 00 U M Up U R< £ ^ . 
For X to admit a morphism to [— oo, oo] we must have e± G {0, 1}. We thus obtain a map 

e : (Disk?' fr ) /[ _ 0O)0o] -> A 1 x A 1 
described as the assignment (X — > [—00,00]) \-> (e_,e+). 
Lemma 3.31. The inclusion of the fiber 

e-\l,l) C (Diskf*)/^.^ 

is cofinal. 

f d f r 

Proof. Let Z = (X — > [—00,00]) G (Diskj^' r )/[_ oc oo ] be an arbitrary vertex. We must prove that 
the quasi-category 

P = £- 1 (l,l) X(Diskf fr ) /[ _ 00 , 00] (( Disk ?' fr )/[-oo,oo]) z/ 

has a weakly contractible classifying space. (See for instance Theorem 4.1.3.1 of Lurie's |Lulj .) 
Define the object Z' = (X 1 — > [—00, 00]) £ e _1 (l, 1) as follows. The I-manifold 



X' = UXU . 

Notice the inclusion X C X' of I-manifolds. By construction, for Y G e _1 (l,l), any morphism 
I->Fe Diskj ,fr canonically factors as X C X' —> Y . 

f' f' 
Choose any morphism X' — > [—00, 00] so that a composite X C X' — > [—00, 00] is / - such a 

morphism /' exists as evident by replacing / with fog where X A X is isotopic to the identity map 
and the closure g(tX) C lX is compact. By construction Z — > Z' is an edge in (Diskf ,fr ) /r_oo,oo] an d 
thus is a vertex of T>. A similar argument indicated for the existence of /' shows that (Z — > Z') G T> 
is initial. It follows that \T>\ is contractible. □ 

Lemma 3.32. There is an equivalence of quasi- categories e _1 (l, 1) — > A op . 

Proof. The map is given by (X -A [—00, 00]) 1— > 7r ([— 00, 00] \ /(tX)), the path components of the 
compliment of the image, which is equipped with a linear order from that of [—00, 00]; this linearly 
ordered set is evidently finite and is never empty since [—00,00] is not an element of Disk^. It is 
straight forward to verify that this indeed describes a functor of quasi-categories. That this map is 
an equivalence is standard. 

□ 

Proof of Proposition 1 3. 3(A We contemplate the composition 

A°p <3L e -i(i, 1) _> (Disk?" fr )/[-oo,oo] A C . 

The value of this map on [p] is canonically equivalent to A(R>_oo Ul Up UR<oo) ~ M_ <g) A^ p ® M+. 
The value of this map on morphisms gives the simplicial structure maps of the two-sided bar 
construction Bar.(M_, Ar, M + ). We have established the string of canonical equivalence 

/ A = C0lim((Diskf fr )/[-0o,o O ] ^ C)£- C0lim(A°P Ba r. l M-,A r _,M+) > q = M _ ^ M+ 

J [— 00,00] 

in which the leftward equivalence is from Lemma 13.311 

□ 
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3.5. Factorization homology satisfies excision. By combining Proposition 13 . 301 with the push- 
forward formula of Thcorcm l3.28[ wc sec that factorization homology satisfies the excision property: 

Theorem 3.33 (Excision). Let X = X- Urv X+ be a collar-gluing of B -manifolds. Then there is 
a natural equivalence 

L A ® L A * L A - 

J RV 

Proof . As discussed in Example 13.251 collar-gluing determines an I- family G: T — > Mf Id (S) with 
G(M>_ oc ) = X-, G(K<oo) = X + , and G(R) = RV. We establish the string of equivalences 




The first equivalence defines the left-hand side. The second and fourth are the pushforward formula 
of 13.281 The third is Proposition 13.301 The final equivalence follows because the canonical map 
HQ— oo, oo]) — > X is a refinement of £>-manifolds, and therefore an equivalence by Theorem 16.321 

□ 

3.6. Homology theories. In classical algebraic topology, the excision axiom of a homology theory 
can be phrased as sending pushout squares to certain colimits in chain complexes. This axiom cannot 
be simply parroted when defining a homology theory for i3-manifolds, a first obstruction being that 
Mfld(£>) docs not admit pushouts. We account for this by distinguishing a class of diagrams in 
Mfld(£>) which play the role of pushout diagrams - these are collar- gluing s (sec Definition I2.35|) . 
We go on to define a homology theory for B-manifolds as a symmetric monoidal functor sending 
collar-gluings to certain colimits. 

As usual, fix a category of basics B and a symmetric monoidal quasi-category C® which satisfies 
condition (*). Let Mfld(2?) u A C® be a map of symmetric monoidal quasi-categories. Through 
Example 13.251 any collar-gluing of B-manifolds X = X- Unv A + determines a I-family of B- 

G G u 

manifolds I Mfld(£>), so there results a map of symmetric monoidal quasi-catcgorics I u ► 

Mfld(2?) u A C® . Consider the universal arrow from the Kan extension J [ oo x] HG U -> H(X). In 
light of Theorem 13.331 this universal arrow can be written as 

(9) H{XJ) (g) H(X + )^H(X). 

H(RV) 

Definition 3.34 (Homology theory). Let C® be a symmetric monoidal category satisfying (*). A 
C-valued homology theory for B-manifolds is a map of symmetric monoidal quasi-categories 

if: Mfld(£) u -> C® 

that preserves sequential colimits, and such that for every collar-gluing X = X- Urtv X + of B- 
manifolds, the canonical morphism (J9j) is an equivalence in C. Denote the full sub-quasi-category 

H(Mfld(S),C®) C Fun®(Mfld(S) u ,C®) 

spanned by the homology theories. 
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Note that since a homology theory preserves sequential colimits, it is determined entirely by its 
behavior on Mfld fin (2?) C Mfld(B). 

Example 3.35. Let B be a category of basics and C® be a symmetric monoidal quasi-category 
satisfying (*). By Theorem 13.331 there is a canonical factorization 

Alg Disk(B) (C®) Fun®(Mfld(£) u , 




H(Mfld(B),C®) 

Theorem 3.36 (Characterization of homology theories). Let B be a category of basics and a 
symmetric monoidal quasi-category satisfying (*). The (restricted) adjunction Q) 

/ : Alg Disk(B) (C®)^H(Mfld(£),C®):p 

is an equivalence of quasi- categories. 

Proof. We will make use of the identification Mfld(S) 1 = Mfld(£) fin of Theorem [S3H1 Let X E 
Mfld(,8) fm and A E Alg Disk( - B )(C®). Recall the defining expression J x A = colim ® k£K A(Uk) where 
this colimit is over the quasi-category Disk(£>) / x - If X = |J ;ei Vi E Disk(£>) is itself a disjoint union 
of basics, then D\sk(B)/x nas a terminal object X X and so the inclusion ^) leL A(Vi) ^> j x A 
is an equivalence. It follows that the unit map of the adjunction 1 ^> p J is an equivalence. 
For the converse, consider the counit 



(10) / pH — > H(-) . 

J(-) 

If ( — ) = U E B then pH|) is an equivalence because J is defined as a (Kan) extension. We proceed 
by transfinite induction. Consider the collection of intermediary full sub-symmetric monoidal quasi- 
categories Disk(£>) u C M C (Mfld(B) fm ) u for which the counit map is an equivalence for (— ) any 
object of M.. This collection is partially ordered by inclusions. Clearly Disk(£>) u is a member of this 
collection. Let M.q be a maximal such member. We wish to show (Mfld(Z5) fm ) u C M.§. Suppose 
X = X- Urv X + with X± , RV E Aio- Because H is a homology theory, there is the equivalence 

(11) H(X_) (g) H(X + )^H(X). 

H(RV) 

By excision (Theorem 13. 33[) . there is the equivalence 



(12) / pH / P H=> pH . 

IX- r J X + JX 

pH 

RV 

The counit map (|10p describes a map from diagram (|11[) to diagram (|12p . From the invariance of 
coend under equivalences in the quasi-category C and by construction of AAq, because X±,RV E 
M.q, the counit map PH|) is an equivalence on the lefthand sides of diagrams (TTT|) and P^]) . It follows 
that the counit (fTU)) is an equivalence on the righthand sides of (jTTJ) and (|12p . We have shown that 
M is closed under collar-gluing. It follows from Theorem l2~38l that (Mfld(6) fin ) u C M . □ 

3.7. Classical homology theories. Here we document familiar examples of homology theories. 
We will specialize to the stable quasi-category Sp of spectra, but this is insubstantial, for instance 
chain complexes would do just as well. The quasi-category of spectra Sp is (the underlying quasi- 
category of) a symmeric monoidal quasi-category under wedge sum V, with * as the unit, likewise 
for smash product A, with the sphere spectrum S as the unit. We will exploit the following (related) 
features of a stable quasi-category M : 
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• A pullback diagram is a pushout diagram in A4. In particular, the categorical coproduct 
and product in M. are equivalent. 

• The Yoneda embedding M. —} V(M) factors through Sp M P — — > V(M). In particular, we 
can regard Ai(E,E') as a spectrum for each pair of objects E,E' € M.. 

Fix a category of basics B. Fix a spectrum E. Consider the map of symmetric monoidal quasi- 
categories 

E c : Mfld(Z3) u -> Sp v 

given on vertices by assigning to (J,(X,)) the data (A,(Sp(E°°(oXj)*,E))y, the value onmorphisms 
(and higher simplices) becomes evident upon observing the canonical equivalence 

\/Sp(X°°(LX j y,E)^Sp(x°°( L (\Jx j ))\E) . 

The homotopy groups ir*E c (X) = E*(lX) are the compactly supported iJ-cohomology groups of 
the underlying space lX. 

Lemma 3.37. For any spectrum E, the symmetric monoidal map E c is a homology theory. 
Proof. Let X = X- U/jy X + be a collar-gluing of £>-manifolds. The resulting map 

tX* — > lX- X ( , , \« lXI 

((-1,1) xiv) + 

induced by collapse maps is a a continuous bijection among compact spaces, and is therefore a 
homeomorphism. Moreover, because [— 1, 1] x lV — > lX± is a cofibration, it follows that this pullback 
is in fact a homotopy pullback. It follows that S°°(tX)* ~ £°°(*,X_)* U^(lRV)* can 
be canonically written as a pushout in Sp. Applying Sp(T,°° — , E) to this pushout gives a pullback, 
which is again a pushout in Sp. That is, the universal arrow 

(13) E C {X_) II E C (X+)^E C (X) 

E C (RV) 

is an equivalence of spectra. 

We now contemplate the Diskf' fr -algebra in Sp y associated to the given collar-gluing X = X-Urv 
X + . Because (lRV)* = T,(iV)* then the value E C (RV) = Y 1 ~ 1 E C (V) is the desuspension and the 

fr 

relevant Diskj -algebra is given by the associative multiplication rule 

Z^EdV) V Z^EdV) -> Z^EdV) 

given by the universal arrow from the coproduct. The left action is 

E C (X+) V ^- l E c {V) -> E C (X+) 

which, on the first summand is the identity and on the second is the restriction along the collapse 
map lXI_ — > lRV . Because the symmetric monoidal structure of Sp v is coCartesian, it follows that 
the universal arrow to the bar construction 

E C (X_) II E C (X+) ^£ C (L) V E C (X+) 

E Z (RV) E Z {RV) 



is an equivalence. Combined with the conclusion (|13|) . this finishes the proof. 

□ 

4. NONABELIAN POINCARE DUALITY 

In this section we give a substantial generalization of Poincarc duality from the classical situation 
of smooth manifolds. It is a generalization still of the nonabelian Poincare duality of Lurie |Lu2] 
and Salvatore [Sa] to the setting of structured singular manifolds displayed in this article. One 
can regard the statement of Poincare duality below as evidence that any homology theory for B- 
manifolds which detects more than the stratified homotopy type of the manifolds cannot arise from 
a "group-like" Disk(£>)-algebra (see Remark H. 1 31 which explains these quotes). 
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Our discussion of duality is two-fold. We first discuss what one might deem 'abclian' Poincare 
duality. For this we specialize to factorization homology with coefficients in spectra and construct 
a dualizing (co)sheaf, but other stable settings such as chain complexes would do. We then take 
the coefficients = S x to be spaces and discuss a 'nonabelian' version of Poincare duality. In 
subsequent work we will develop the theory for more general C® and see Poincare duality as an 
instance of Koszul duality. There it will be shown that Poincare duality characterizes S-manifolds 
in an appropriate sense. 

4.1. Dualizing data. For simplicity, we specialize our discussion to B = Bsc„ and work strictly 
with finite singular n-manifolds. As so, we omit the superscript Snglr^ 1 from the notation. 

4.1.1. Duals. Let us recall the notion of duals for a symmetric monoidal quasi-category from §4.2.5 
of jLu2| . We specialize our discussion to spectra in as much as it is the initial stable quasi-category 
receiving a map from spaces, see |Lu2] . §1.4.4, but other such stable quasi-categories, for instance 
chain complexes, would do just as well. For E a spectrum, say it has a (Spanier- Whitehead) dual 
if there exists 

• a spectrum E y , 

• a map of spectra coev : § — > E ® E y from the sphere spectrum, 

• a map of spectra ev : E y (g> E —> § to the sphere spectrum, 



E = *-E 





• a triangle 



E ® E y <g> E 

which commutes up to a specified homotopy, 
a triangle 

E y 





E y ® E ® E y 
which commutes up to a specified homotopy. 

We often refer to this data simply as E y . For a general discussion of duals in monoidal quasi- 
categories, visit §4.2.5 [Lu2] . 

Let E be a spectrum which has a dual. A choice of the above data canonically determines the 
map of spectra 

(14) Sp(E, -) S P (E ®E y ,-(g> E y ) Sp(S, - ® E y ) ~ (- ® E y ) 



which is an equivalence (here we're using that the Yoneda functor M. — > V(M) factors through 

any stable quasi-category M). The simplicial set of choices of this data is 
a contractible Kan complex. Clearly, if E and E' both have duals then so does E ® E' and its 
dual is E y <g) {E') y . Denote by Sp^ C Sp A the full sub-symmetric monoidal quasi-category whose 
vertices are those spectra which have duals. The assignment E <— > E y can be made into a functor 
( — ) v : (Spjj)° p — > Spjj where the opposite is taking place over Fin*. 
The lemma below is Atiyah duality pQ for singular manifolds. 

Lemma 4.1. The map S°°(t— )*: (Mfld(S) u )° p — > Sp y factors through Sp y D the dualizable spectra. 

Proof. We need only verify that X°°(iX)* has a Spanier- Whitehead dual for each (finite) S-manifold 
X. Because the S-structure is irrelevant here, we can assume X is a (finite) singular n-manifold. 
From Lemma r6.29l thcre is a (conically) smooth proper embedding iX C M. N for some N, in addition 
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to a 8 > for which a (5-neighborhood v of lX is a regular neighborhood. Denote the deformation 
retraction p: v — > tX. Consider the continuous maps 

coev: S N = (R N )* — > ^* A tX* , (v i-> (v,p(x)), oiv^*i£v<£v) ; 

and 

ev: v* AlX* -> (5f )* S 5 W 

given by n> u — x if ||u — x|| < S and (u,x) i— > * otherwise. These maps (together with the 

obvious triangles) exhibit as a dual of E°°(tX)*. □ 

4.1.2. Dualizing (co)sheaf. Define the composite map of symmetric monoidal quasi-categorics 

ID)*: Mf!d(£) u sa ° (t ~ r ) (5p^) op 

which we refer to as the dualizing cosheaf (for B -manifolds). The usage of the term cosheaf is 
justified by the following lemma. 

Lemma 4.2. The map B* is a homology theory. 

Proof. From (fT4"|) there is a canonical equivalence IF ~ S c (see M3.7I for the notation). The lemma 
follows from Theorem 13.371 

□ 

Denote the restriction u> = Pf : Disk(£>) u — > Sp y . Explicitly for U G B a basic over Uy £ Bsc„ 
with Y a compact (fc — l)-manifold, the value 



u(u) = (s°°(s"- fe 5(/,r))y 



where S here denotes the unreduced suspension, regarded as a based space with base point the 
north pole. With this formula we can (non-canonically) identify the stalk of 1* at i G lX as 
uj x {X) := lim x£C/ '->-X w ([/') ~ w(U') = (E 00 (Z, n - k S(iY))) y where f/ is the unique (up to non- 
canonical equivalence) basic U — > X whose image contains x. 
There is the immediate corollary of Theorem 13.361 

Corollary 4.3. The universal map of spectra 



is an equivalence. In particular, for X a finite B-manifold there is an equivalence of spectra 

W(X) -colim (S°°(t[/)*) v . 

Theorem 4.4 (Poincare duality). Let X be a finite B-manifold and let E be a spectrum. There is 
a canonical equivalence 

[ EAu)~E c (X) . 
Jx 

Proof. This is the observation E Alj(U) = EAW(U) ~ E C (U) combined with Lemma 13371 that E c 
is a homology theory so that Theorem l3.36l can be employed. 

□ 

Example 4.5. Denote by HZ the Eilenbcrg-MacLane spectrum for Z. Let X be a D° r -manifold, 
that is, an oriented n-manifold. For each morphism U — > X from a basic the orientation gives a 
canonical equivalence HZ A ui(U) ~ HZ A S~ n . It follows that 

/ HZAu)~Y,- n HZA [ §~Z- n HZAZ 00 (LX) + = j:- n HZA(LX) + 
Jx Jx 

Theorem 14.41 then implies HZ A (tX)+ ~ S n «Sp((z.X)*, HZ). Upon applying homotopy groups we 
arrive at H*(iX;Z) = H r c 1 -* (lX;Z). 
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4.2. Coefficient systems. We give an abundant source of Disk(£>)-algebras in spaces from the data 
of a based right fibration over B. 

Definition 4.6. A coefficient system on B is a pair (E, z) consisting of a right fibration E — » B and 
a section z: B — >• E. We often simply refer to a coefficient system (E, z) by its right fibration E. 

Example 4.7. Consider a [n] -stratified space Z — > [n] equipped with a section zo : [n] — > Z. The 
assignment O: U M> Topj n j ([i]U, Z). with base point given by Zq, gives a coefficient system on Bsc„. 
For clever choices of (Z, zq), restricting to various categories of basics B —> Bsc„ gives interesting 
examples of coefficient systems. 

Example 4.8. Because the quasi-category D„ ~ *, a coefficient system is equivalent to the datum 
of a based Kan complex Z. Such a coefficient system is connective exactly if Z is n-connective (see 
Definition SUni). 

Example 4.9. A coefficient system on is map of fibrations 

E n -i E n 



BO(n - 1) *~ BO(ra) 

together with a pair of (compatible) sections of each. 

Consider the more elaborate example D/„\ of Example 12.531 A coefficient system on D^„^ is the 
data of a fibration Eg —> BO(R s ) for each subset S C {1, . . . , n}, and for each inclusion ScTa 

map Eg -> Et over the inclusion BO(M s ) > BO(K T ), which respect composition; together 

with a compatible section of each of these fibrations. 

Fix a coefficient system E. By right Kan extension along B ^ Mfld(i5) C V(B), the map E 
determines a map of quasi-categories T E : V(B)° P — > from the coherent nerve. We use the same 
notation for the restriction 

T E : Mf!d(2?) op 5* . 

This is given explicitly by assigning to (A, X — > B) the Kan complex of maps of right fibrations 
Map B (A,£') with base point zg. 

Let A be a S-manifold and K C lX a compact subset. Denote by A \ K the canonically 
associated sub- B- manifold of A associated to the open subset iX \ K. Denote the fiber 

r£(A) ^v E {x) 

■■■ — - — (a \ k) . 

Observe that K C K' implies rf (A) T%,(X). Define 

Tf(X) = colimrf (X) . 

KCiX 

f 

Let X — y Y be a morphism of S-manifolds and let A C tA be a compact subset. There results 
the open cover lY = f(tX) Uy/ t XxK) ^ x /(^ )- From Lemma f6 . 3 11 combined with Theorem l6.32l 
the diagram 

A \ K ^ A 

f\ f 
Y \ f(K) Y 
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is a colimit diagram in V(B). By construction, T E on P(B)° P preserves limits. It follows that 

(is) r E (Y) ^ r E (x) x rE(/(M)) t e (y N f(K)) 

is an equivalence in 5*. In particular there is a canonical equivalence T E , K ~.(Y) ~ There 
results a map of colimits 

r c E (x)^r E (Y) . 

We have constructed to each edge / of Mfld(£>) an edge F E (f) in 5*. Likewise, there is an association 
of a simplex T E (a) of 5, to each simplex cr of Mfld(£>), which assembles into a map of quasi-categories 

T E : Mf!d(£) ^S* . 

Clearly, for J a finite set and (Xj)j eJ an J-indexed sequence of B- manifolds then T E f|Jj 6 j Xj^j — » 

11, ,i<'--v,i. 

4.3. Poincare duality. Fix a coefficient system E — !> B. Define the map of symmetric monoidal 
quasi-categories 

if : Mfld(23) u S * 

as follows. Assign to the vertex (J, (Xj)) the vertex (J, V(J)° P — > S*) given by (5 C J) *-> 

(iJjes -^i) ' tne v& l ue being canonically equivalent to Ylj eS ^fi-^-j)- Assign to the edge 
(/, (fk)ke K ) ■ ( J, (Xj)) (X, (Y k )) the edge 

(J,7>(J) op -> S*) -> {K,V(K)°» -> 5,) 

over / determined by the coordinates T E (fk): f|_|{/y)=k} Xj) — > Tf(Yk). The assignment for 
higher simplicies is nearly identical but notationally intensive. 
Denote the Disk(,B)-algebra 

A E : Disk(2?) u -> Mf!d(2?) u S* 

which is the restriction. Recall from and ^ the categories of basics B <r and the associated quasi- 
categories Mfld(£> <r ) for < r < n + 1, each equipped with a map to B and Mfld(£>) respectively. 
Via pullback, we use the same notation for 

• T E as a functor Mfld(S <r ) op S», 

• rf as a functor Mfld(B< r ) ->■ 5*. 

Definition 4.10. Say the coefficient system J5 is connective if ^(V) is connected for every V £ 
£<„. 

Example 4.11. Let us return to Example 14.91 for the case of D®. For simplicity, let us assume the 
two fibrations are trivialized with (based) fibers Z n and Z n _\ respectively. This coefficient system is 
connective exactly if Z n is n-connective and the map Z n -\ — > Z n is n-connective; the last condition 
being equivalent to saying the homotopy fiber F of the map Z n -\ — > Z n is (n— l)-connective. Recall 
from Example 13.91 a consolidation of the data of a Disk^-algebra. The associated Disk^-algebra Ae 
is the data (H, n Z n , fi"" 1 ^, a) where a is the action of Vl n Z n on Vt n ~ l F from the fi-Puppe sequence 
of the fibration F — > Z n _i — > Z n . 

Let us examine the case of D/„\. For simplicity, let us assume each of the said fibrations is trivial 
with respective fibers Z$. Denote by Fx = hofib(Z^ — > holimgcT-^s) the total homotopy fiber of 
the T-subcube. This coefficient system is connective exactly if each Fx is (n — |T|)-connective. The 
associated Disk( n ) -algebra Ae is the data ((^™ -Fs) Sc .n n y ( a scr)) where ascr is the action 
of il n ^ s Fs on ft n ^ T FT from an elaboration of the f2-Puppe sequence. 
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Theorem 4.12 (Non-abelian Poincare duality). Let B be a category of basics and let (E — s> B , z) 

be a coefficient system. Suppose E is connective. Let X be a finite B '-manifold. Then there is a 
natural homotopy equivalence of spaces 

I Ae — T C E (X) . 

Proof. From Theorem 13.361 we must show T E : Mfld(£>) u — > S* satisfies excision. We will show 
that the canonical map 

if (*_) x r * (RV) r c E (x + ) ^ r c E (x) 

is an equivalence for every collar-gluing X = X_ Uj^y X + of £><fc-manifolds for < k < n + 1, the 
desired case being k = n + 1. It is sufficient to show that in the fiber sequence of spaces 

If (X-) x T C E (X+) T E (X) -> T E (V) 

the base is connected. We will do this by induction on < k < n + 1. 

For the k = 0, then V is a (— l)-manifold and T E (V) = * is a point. In particular it is connected. 

Now suppose T E {W) is connected for each W G Mfld(£><fc). Let V be a finite S^-manifold. 
From Theorem 12.381 V can be written as a finite iteration of collar-gluings of basics. We prove 
T E (V) is connected by induction on the number r of iterated collar-gluings to obtain V. If r = 
the statement is vacuously true. If V is a basic then by the connectivity assumption T E (V) is 
connected. If r > 2, write V = V- \Jrw V+ for some VF € Mfld(£>fc_i) with both V± given by strictly 
fewer than r collar-gluings. By induction on r the two spaces F E (V±) are connected. There is the 
fiber sequence 

r E (v„) x r E (v + ) r c £ (F) r c £ (^) . 

By induction on k the base is connected. It follows that T E (V) is connected. □ 

Remark 4.13. In the case of smooth framed n-manifolds, where B = D„, we have D^ r ~ *. So 
a connective coefficient system is the datum of an n-connective based space Z, and the associated 
Disk'[-algebra is n n Z. ft n Z is in fact a group-like Diskj[-algcbra. By May's recognition principle, 
n-fold loop spaces on n-connective based spaces are all the examples of group-like Disk^-algebras. 
Accordingly, one can think of the data of a connective coefficient system as a generalization of the 
notion of a group-like algebra, but to the singular and structured setting. 

Now, the space of stratified continuous maps is a homotopy invariant of the underlying stratified 
space [l]X. In this sense, Theorem 14.121 tells us that connective coefficient systems (i.e., 'group- 
like' Disk(S)-algebras) cannot detect more than the stratified proper homotopy type of singular 
manifolds. 

5. Examples of factorization homology theories 
In this section we give examples of factorization homology over singular manifolds. To illustrate 

fr 

the relevance to low-dimensional topology, we show that the free Disk 3 1 -algebra can distinguish the 
homotopy type of link complements, and in particular defines a non-trivial link invariant. 

In this section we will not distinguish in notation between a singular manifold X and its underlying 
space lX. 

5.1. Factorization homology of singular 1-manifolds. When the target symmetric monoidal 
quasi-category C® is Mod®, the category of k- modules for some commutative algebra k, then fac- 
torization homology of closed 1-manifolds gives variants of Hochschild homology. 

The simplest and most fundamental example is factorization homology for framed 1-manifolds, 
Mfldj . In this case, there is an equivalence between framed 1-disk algebras and associative algebras 
in C, Alg Disk fr(C®) ~ Alg(C®), and we have the following immediate consequence of the excision 
property of factorization homology (Theorem 13.331) . 
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Proposition 5.1. For an associative algebra A in Modfe, there is an equivalence 

[ A ~ HH*(j4) 

Js 1 

between the factorization homology of the circle with coefficients in A and the Hochschild homology 
of A relative k. 

Proof. We have the equivalences 

( A~ { A ® { A~A ® A ~ HH*(A) 

Js 1 Jm 1 f aJri a®a°<> 

S'xR 1 

using excision and a decomposition of the circle by two slightly overlapping hemispheres. □ 

Remark 5.2. Lurie in [Lu2j shows further that the obvious circle action by rotations on J s ± A 
agrees with the usual simplicial circle action on the cyclic bar construction. 

It is interesting to probe this example slightly further and sec the algebraic structure that results 
when one introduces marked points and singularities into the 1-manifolds. Recall the quasi-catcgory 
Mfld^g of framed 1-manifolds with marked points, and the sub-quasi-category D^q of framed 1-disks 
with at most one marked point - its set of objects is the two-element set {U^ x , Ug } whose elements 
we justifiably denote as R 1 := and (R 1 , {0}) := U g . So Alg Disk f r o (C ) is equivalent to the quasi- 
category whose objects are pairs (A\, A\f) consisting of an algebra A\ and a unital Ai-bimodule A^, 
i.e., a bimodule with an invariant map from the unit. Specifically, A\ ~ ^(R 1 ) and A b ~ ^(R 1 , {0}). 
The proof of the Proposition 15.11 extends mutatis mutandis to the following. 

Proposition 5.3. There is an equivalence 

[ A~HH,(A 1} A b ) 

As 1 ,*) 

between the factorization homology of the pointed circle (S , *) with coefficients in A = (Ai,Ab) and 
the Hochschild homology of A\ with coefficients in the bimodule At, . 

Finally, we mention the example of factorization homology for Snglr^, singular framed 1-manifolds. 
In this case, the quasi-category of basic opens Bsc^ has as its set of objects {R} U{(C'(J), a)} where 
the latter set is indexed by finite sets J together with an orientation a of the ordinary 1-manifold 
U, 7 R>o = C(J)\*. 

An object A in Alg Disk j Bsc f^ (C®) is then equivalent, by evaluating on directed graphs with a 
single vertex, to the data of an associative algebra A(M) in C® and for each pair i, j > an object 
A(i,j) G C equipped with i intcrcommuting left ^4(R)-modulc structures and j intercommuting 
right compatible A(R). One can see, for instance, that the factorization homology of a wedge of 
two circles with a marked point on each circle, (S* 1 U{ } S 1 , {1, —1}), can be calculated as 

/ A~A{1,1) ® A(2,2) ® 

J(S 1 U {0} S 1 ,{1,-1}) Ar^A"" AitgiAl" 

5.2. Intersection homology. Recall from section §2.61 that the underlying space of a singular 
n-manifold X G Snglr n has a canonical filtration by its strata Xq C X\ C . . . C X n = X where 
each Xi \ is a nonsingular i-dimcnsional manifold. As such, the definition of Gorcsky and 

MacPherson's intersection homology |GM1| applies verbatim. That is, we restrict to manifolds X 
have no codimension-one singularities, X n _i = X n ^i and for which the n-dimcnsional open stratum 
X n \ A"„_i is nonempty. 

For the definition below we use j th -stratum functor (— )j : Snglr n — > Snglr <:) of section H2M 

Definition 5.4. Denote the left ideal Bsc^ 5 — > Bsc„ spanned by those basics U for which U n -i = 
U n ~2- Define the category of pseudomanifolds as Snglr^ 5 = Mfld(Bsc^ 5 ) - its objects are those 
singular n-manifolds for which X n _i = X n _2- 
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Continuing, choose a perversity function p, i.e., a mapping p : {2,3, ... ,n} — > Z> such that 
p(2) = and for each i > 2 cither p(i) = p(i — 1) or p(i) ~ p(i — 1) + 1. Recall the following 
definition. 

Definition 5.5 ( |GMlj ). A j-simplex g : A J — > X is p-allowable if, for every i the following bounds 
on the dimensions of intersections hold: 

• dim(.g(A : ') n X ; ) < i + j - n + p{n - i) 

• d\m(g(dA j ) fll,) < i + j - n +p(n - i) - 1 

The conditions are clearly stable on under the differential d on singular chains, so this gives the 
following definition of intersection homology with perversity p. 

Definition 5.6 ( |GMlj ). The intersection homology l p C*(X) of X G Snglr^ 5 is the complex of all 
p-allowable singular chains. 

The condition of a simplex being p-allowable is clearly preserved by embeddings of singular 
manifolds: if / : X —> Y is a morphism in Snglr^ 5 and g : A J — > X is p-allowable, then fog-.A^^Y 
is p-allowable. Further, being p-allowable varies continuously in families of embeddings. That is, 
there is a natural commutative diagram: 

Snglr„(X,y) - Map(X,Y) 

Map(l p C*(X), \ P C*(Y)) ^ Map(C*(X), 

Consequently, intersection homology is defined on the quasi-catcgory Snglr^ 5 of n-dimcnsional pseu- 
domanifolds. Obviously l p C»(X U Y) = l p C*(Jf) © l p C*(y). We have the following: 

Proposition 5.7. The intersection homology functor 

l p Q : SnglC — > Ch 

defines a homology theory in H(Snglr^ 5 , Ch®). 

The proof is exactly that intersection homology satisfies excision, or has a version of the Maycr- 
Vietoris sequence for certain gluings. 

Proof. Let X = X^ Ur x v X + be a collar-gluing. Then 

l P C,(Rx7) ^l p C*(X+) 

l p C*(X_) ^l P C*(X) 

is a pushout diagram in the quasi-category of chain complexes. I.e., the natural map 

l p C»(X_) ®i p c,(ixv) lpC*(X+) — > \ P C*(X) is a quasi-isomorphism. □ 

5.3. Link homology theories and Disk'[ ^-algebras. We now consider one of the simplest, but 
more interesting, classes of singular n-manifolds - that of ra-manifolds together with a distinguished 
properly embedded fc-dimensional submanifold. While we specialize to this class of singular mani- 
folds, the techniques for their analysis are typical of techniques that can be used for far more general 
classes. 

Recall from Example 12.541 the quasi-category Mfld^ k whose objects are framed n-manifolds M 
with a properly embedded fc-dimensional submanifold L C M together with a splitting of the framing 
along this submanifold, and the full sub-quasi-category Disk^ k C Mfld^ k generated under disjoint 
union by the two objects R™ := t^-i and (R fc C K n ) := Ug n _ k _ x with their standard framings. 
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5.3.1. Explicating Disk^ k -algebras. Fix a symmetric monoidal quasi-category satisfying (*). Re- 
call from Example 13.241 the map of quasi-categorics J y : Alg Disk ( B )(C®) — > Alg Disk ( B(i+i ) (C®) defined 
for any quasi-category of basics B of dimension n and any i3 ra _fc_i-manifold Y. 

Proposition 5.8. There is a pullback diagram: 

Alg Di<fe (C®) - A| gDiskJ +1 ( J n k i A , HH**(B)) 

Alg Disk ,(C®) x Alg Disk .(C®) {(A,B)} 

That is, the space of compatible Disk^ r fc -algebra structures on the pair (A, B) is equivalent to the 
space of Disk£ +1 -algcbra maps from J sn _ k _ 1 A to the Hochschild cohomology HHjyr(-B); the datum 
of a Disk^ fc -algebra is equivalent to that of a triple (A, B, a), where A is a Disk^-algebra, B is a 
Disk^-algebra, and a is a map of Disk£ +1 -algebras 

a:/ A y HHjvr(-B) 

Jgn-k-1 k 

- this is an 5 ,l_fc_1 parametrized family of central Disk^-algebra actions of A on B. In essence, 
Proposition 15 . 81 is a parametrized version of the higher Deligne conjecture, and in the proof we will 
rely on the original version of the higher Deligne conjecture. 

Proof. The quasi-category Disk^ k has a natural filtration by the number of components which are 
isomorphic to the singular manifold (R fc C K n ): 

Disk f n r = (Disk f „ r fc )< -> (Disl£ fc )<i -> . . .colim (Disk^ fc )< 4 ~ Disk£ fc 

Consider the second step in this filtration, the full subcategory (Disk^ fe )<i of Disk^ k whose objects 
contain at most one connected component equivalent to (R fe C W 1 ). 

Disjoint union endows (Disk^ fe )<i with a partially defined symmetric monoidal structure. This 
partially defined symmetric monoidal structure can be articulated as follows. Consider the pullback 
(Disk^)<i := (Disk^ fe )<i x Disk f r ^ Disk^ where here we are using the map from the right factor 

U: Disk^ — > Disk^ fc . The coCartesian fibration Disk!"'^ — > Fin, restricts to a map (Disk^)<i — >• 
Fin, which is an inner fibration and for each edge / in Fin, with a lift J + of its source in (Disk^'^)<i 
there is either a coCartesian edge over / with source J+ or the simplicial set of morphisms over / 
with source J + is empty. In this way, by a symmetric monoidal functor from (Disk^V )<x over Fin, 
it is meant a map over Fin* which sends coCartesian edges to coCartesian edges. 

It is immediate that such a symmetric monoidal functor F is equivalent to the data of a Disk^- 
algebra FiW 1 ) and a Disk^ r _ fc -F(R™)-module given by F(R k C 1"). Extending such a symmetric 
monoidal functor F to Disk^ k is thus equivalent to giving a Diskfc -algebra structure on F(R fc C M") 
compatible with the Disk' r _ fe -F(R™)-module. That is, the following is a triple of pullback squares 
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of quasi-categories 

AlgDisk^ (C®) Alg Disk , (Mod? 1 *"* (C)) 

Fun^((Disk f ; fc )< lj C) Mod° isk "-(C«) 



Alg Disk;i (C®) {A} . 

Using the equivalence Mod^ lsk "~ fc (C) ~ Modj- n _ fc _ t A (C) of |Flj . we can then apply the higher 
Dcligne conjecture to describe an object of the quasi-category 

Alg Di5k ,(Mod° i5k "-(C)) ~Alg Disk j(Mod /sTi _ fc _ lA (C)) . 

That is, to upgrade a Disk^-algcbra B to the structure of a DiskjJ-algebra in J sn _ k _^ A-modulcs 
is equivalent to giving a Disk£ +1 -algebra map a : J s „_ k _ 1 A — > HHpf r (i?) to the D£-Hochschild 
cohomology of B. □ 

5.3.2. Hochschild cohomology in spaces. We now specialize our discussion of Disk^ ^-algebras to the 
case where C = S x is the quasi-category of spaces with Cartesian product, but any oo-topos would 
do just as well. In this case, the D^-Hochschild cohomology of an n-fold loop space has a very clear 
alternate description which is given below. 

Proposition 5.9. Let Z = (Z, *) be a based space which is n-connective. In a standard way, the 
n-fold based loop space Q n Z is a D\sk^-algebra. There is a canonical equivalence of D\sk^ +1 -algebras 
in spaces 

HH* D ^(n n Z) ~ Q"Aut(Z) 

between the D^-Hochschild cohomology space ofVl n Z and the n-fold loops, based at the identity map, 
of the space of homotopy automorphisms of Z . 

Proof. In what follows, all mapping spaces will be regarded as based spaces, based at either the 
identity map or at the constant map at the base point of the target argument - the context will 
make it clear which of these choices is the appropriate one. 
There are equivalences 

Mod^f (<S) ~ Mod;^ anz (S) * Mod MS --i (S) ~ S /zS »-i 

sending the object fl n Z with its natural Disk^-fi^Z-module self-action to the space Z with the 
natural inclusion of constant maps Z — > Z s . Thus, to describe the mapping space 

H%«(Q. n Z) ~ Modj D ;,! k j(Sl"Z, Q n Z) 

it suffices to calculate the equivalent mapping space Map^ s ^-i (Z, Z). By definition, there is the 
(homotopy) pullback square of spaces 

Map /zS «-i (Z, Z) * 



Map(Z,Z) *- Map(Z, Z s " ') 
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Choose a base point p £ S" 1 . The restriction of the evaluation map ev* : Map(Z, Z) — > 

Map(Z,Z s ^ ) is a map of based spaces. Thus, the pullback diagram above factorizes as the 
(homotopy) pullback diagrams 



Map 



(Z,Z) 



Map(Z, Zf 



Map(Z, Z) 



Map(Z,Z) ^Map(Z,Z 5 " *) 

where the space of maps from the suspension S n = E5 1 " -1 to Map(Z, Z) is realized as the homotopy 
pullback of the two diagonal maps Map(Z, Z) — > Map(Z, Z) s ; this is a consequence of the fact 
that the functor Map(— , Z) sends homotopy colimits to homotopy limits, applied to the homotopy 
colimit colim(* <- S" 1 " 1 -> *) ~ S n . 

Applying the adjunction between products and mapping spaces, we obtain that the Hochschild 
cohomology space Map^ zS ™-i (Z, Z) is the homotopy fiber of the map Map(5", Map(Z, Z)) — > 
Map(Z, Z) over the identity map of Z, which recovers exactly the definition of the based map- 
ping space Map„(S"™, Map(Z,Z)) ~ Map„(S"\ Aut(Z)), where the last equivale nee follows by virtue 
of S n being connected. 

□ 

Corollary 5.10. Let Z and W be pointed spaces. Suppose Z is n-connective and W is k-connective. 
A Disk„ r k -algebra structure on the pair (f2™Z, £l k W) is equivalent to the data of a pointed map of 
spaces 

Z s ' > ' k ' 1 — -» BAut(W) . 

Proof. Proposition 15.81 informs us that giving the structure of a Disk^ fc -algebra on (0™Z, £l k W) is 
equivalent to defining a Disk^ +1 -algebra map 

/ il n Z — > HH* D , r (fl k W) . 

Jgn-k-l k 

By way of nonabelian Poincare duality (Theorem 14. 12[) , the factorization homology J s „_ fc _i Q™ Z is 
equivalent as Disk^ r +1 -algebras to the mapping space Q k+1 Z s . Proposition 15.91 gives that the 
Hochschild cohomology HHp fr (Sl k W) is equivalent to the space of maps to ft k Aut(W). 

Finally, a (k + l)-fold loop map fl k+1 Z s — > O fc Aut(VF) is equivalent to a pointed map 
between their (k + l)-fold deloopings. The (k + l)-fold delooping of tt k+1 Z s ™ k 1 is Z s " k , since 
Z is n-connective; the (fc + l)-fold delooping of il k Aut(W) is T>fe+iBAut(M / ), the fc-connective cover 
of BAut(M^). However, since Z s is already (k + l)-connective, the space of maps from it into 
r>k+i BAut(VF) is homotopy equivalent to the space of maps into BAut(W^). □ 

5.3.3. Free Disk^ k -algebras. Fix a symmetric monoidal quasi-category C® satisfying assumption (*) 
whose underlying quasi-category is presentable. We analyze the factorization homology theory re- 
sulting from one of the simplest classes of Disk^ ^.-algebras, that of freely generated Disk^-algebras. 
That is, there is a forgetful functor 

(16) Alg Di<fc (C^)^CxC, 

given by evaluating on the objects R" and (M. k C K n ), and this functor admits a left adjoint Free„.fc. 
To accommodate more examples, we modify (|16[) . Consider the maximal sub-Kan complex £ C D„.fe. 
In light of Lemma EM £ is a coproduct End D „, fc (R n ) U End Dn k (R k C R") ~ O(n) TJ 0(n, fc), here 
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0(n, k) := 0(n — k) x 0(fc). There results a map of quasi-categories £ —> D n & — > Disk n j, — >■ Disk^ fe , 
restriction along which gives the map of quasi-catcgorics 

Alg D isk„, fc (C®) -> Map(£,C) ~ C 0(n) x C 0( "^ :) 

to the quasi-category of pairs (P, Q) consisting of an O(n)-object in C and an 0(n, fc)-object in C. 
We will denote the left adjoint to this map as Free^. Denote the inclusion as 8: C x C —> Map(£ , C) 
as the pairs (P, Q) whose respective actions are trivial. 



For X a D^-manifold (not necessarily framed) define J x Free^ £ := JV Free £ . When X is 
framed (i.e., is a ^-manifold) the lefthand side of this expression has already been furnished with 
meaning as the factorization homology of X with coefficients in the free Disk^ ^-algebra generated 
by (P,Q). The following lemma ensures that the two meanings agree. Recall the forgetful map 
Diskg -+ Disk£ fc . 

Lemma 5.11. Let (P, Q) be a pair of objects of C. Then the universal arrow 



fFree 



6(P,Qh 



I Disk „ 



is an equivalence. 



Proof. Denote the pullback quasi-category £ h = £ x Dn k fe . Like £, £ h C k is the maximal 
sub-Kan complex (=oo-groupoid). The projection £ fr — > £ is a Kan fibration with fibers 0(n) or 
0(n, k), depending on the component of the base. As so, the inclusion of the two objects with 
their standard framings {R"}]J{R fe C M' 1 } ^> £ fr is an equivalence of Kan complexes. Therefore 
Map(£ fr ,C) AC x C. 

Let us explain the following diagram of quasi-catcgorics 




Free„, fc 

Each leg of the square is an adjunction. All maps labeled by p are the evident restrictions. The 
maps denoted as Ran are computed as point-wise right Kan extension. (That is, Ran(A): U ^ 
liniu^u' A(U') where this limit is taking place in C® and is indexed by the appropriate over category. 
We emphasize that, unlike the case for left extensions, this point- wise right Kan extension agrees 
with opcradic right Kan extension.) As so, the straight square of right adjoints commutes. It follows 
that the outer square of left adjoints also commutes. 

The right downward map is equivalent to that which assigns to a pair of objects (P, Q) with 
respective actions of 0(n) and 0(n,k), the pair (P,Q). The map 8:CxC^ C°M x C°(™> fc ) is a 
section to this right downward map p. We have established the string of canonical equivalences 



Free„, fc 

This completes the proof. 



Free„,fc o(p o 8) = (Free n>fc op) o 8 



Frees) ° 8 



□ 



In order to formulate our main result, we first give the following definition. 
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Definition 5.12. For M a topological space and P an object of C, the configuration object of points 
in M labeled by P is 

Conf p (M) = ]J Confj(M) <g> P® 1 G C 

where Confj(M) C Af XJ is the configuration space of j ordered and distinct points in M. 

For the remainder of the section, assume that the monoidal structure of C® distributes over small 
colimits. 

Proposition 5.13. Let (P,Q) be a pair of objects of C. Let (L C M) be a D„ ^-manifold, which is 
to say, a smooth n-manifold and a properly embedded k-submanifold. There is a natural equivalence 

[ Free,^ Q) ~ Conf p (M \ L) ® Conf Q (L) 

between the factorization homology of (L C M) with coefficients in the Disk rl .fe- algebra freely gener- 
ated by (P, Q) and the tensor product of the configurations objects of the link complement M \ L 
and the link L labeled by P and Q, respectively. 

We make several remarks before proceeding with the proof of this result. 

Remark 5.14. We see from this result with (n, k) = (3,1) that factorization homology can dis- 
tinguish knots. For instance, the unknot, whose knot group is Z, and the trefoil knot, whose knot 
group is presented by (x, y\x 2 = y 3 ), give rise to different factorization homologies. 

Remark 5.15. Specializing to the case where the link L is empty, we obtain the equivalence 
J M Free P ~ Conf p (M). Consequently, factorization homology is not a homotopy invariant of M, in 
as much as the homotopy types of the configuration spaces Confj(M) are sensitive to the homeo- 
morphism (or, at least, the simple homotopy) type of M, see jLSj . This is in contrast to the case in 
which the Disk^-algcbra A comes from an n-fold loop space on an ri-connective space, in which case 
nonabelian Poincare duality (Theorem I4.12|) implies that factorization homology with such coeffi- 
cients is a proper homotopy invariant. However, note that the factorization homology J M Free ra is 
independent of the framing on M; this is a consequence of the fact that the Disk^ r -algebra structure 
on Free p can be enhanced to a Disk„-algebra. 

Recall the maps of symmetric monoidal quasi-categories Disk^ u — > Disk[^ and Disk^ r,u — > Disk^ 
indicated by the assignments M" H> K" and K fe i-> (R fe C R"), respectively. The following lemma 
describes the free Disk'j fc -algcbras in terms of free Disk' r -algebras and free Disk^-algebras. 

Lemma 5.16. Let (P,Q) be a pair of objects of C. Then the universal arrows to the restrictions 

Free p A (Free, (PQ) ) f u & Free« ® / Free P ^ (Free r (PQ) ) Rfr , u 

are equivalences. 

Proof. Recall from the proof of Proposition 15.81 that a Disk^ fc -algebra structure A on (A n ,Ak), 
where A n is a Disk^-algebra and A)~ is a Disk^ r -algebra, is equivalent to the structure of a Disk^_ fc - 
j4 n -module structure on A)~ in the quasi-category Alg Djsk f r (C®). The forgetful functor factors as the 
forgetful functors 

Alg Di5kfr fc (C ) — ► Alg Di5k ,(C®) x Alg Di5k ,(C 8 ) -^CxC 

and thus, passing to the left adjoints, we can write the free algebra A on a pair (P, Q) as the 
composite of the two left adjoints, which gives the free Disk^-algebra on P and the free Disk^_ fc - 

fr 

module on the free Disk fc -algebra on Q; the latter is calculated by tensoring with the factorization 
homology J s „_ fc _i xRfc+ i Free Tl , which is a special case of the equivalence between Disk 3 r -i?- modules 
and left modules for f S3 -i R, see Proposition 3.16 of jFlj . applied to R = Free P and j = n — k. 

□ 
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Proof of Provosition \5.13[ Recall the construction of the oo-operad £j^ ert of Example 13.31 - it is the 
free oo-operad on £. That is, the map 

Fun®(££ ert ,0 ■=> Fun(£,C) ~ C 0(n) x C°^ k) , 

induced by restriction along the inclusion of the underlying quasi-category £ — > £^ ert , is an equiv- 
alence of Kan complexes - here we are using exponential notation for simplicial sets of maps. 
Explicitly, a vertex of ^ ert is a pair of finite sets ( J n , Jk) while an edge is the data of a pair of based 

maps (J n )+ {J' n )+ an( l (Jk)+ (J'k)+ which arc inert, which is to say, the fibers over non-base 
points a~ 1 (j') and b~ 1 (j") are each singletons, together with a pair of elements a € 0(n) J ™ and 
(3 E 0(n, k) Jk . We will denote a typical object of £^ ert as E = (J n , J}.). 

The the standard inclusion £ — > Mfld nj fc then induces the map of oo-operads £^ ert A Mfld^ 1 fc 
whose value on vertices is 

i: (J n , J k ) i ^ fljR") U (\J(M. k c R k )) . 

Jn Jk 

P Q 

Likewise, let (0(n) — > C , 0(n, k) — > C) be a pair (P, Q) of objects in C each equipped with actions 
of 0(n) and 0(n, fc), respectively. These data then determine the solid diagram of oo-operads 




in where the value of (P',Q*) on ( J n , Jk) is canonically equivalent to P® J ™ <g> Q® Jk as a (0(n) J ™ x 

0(n, k) Jk ) -objects. The filler Free[ P '^ is the desired free construction, and is computed as operadic 
left Kan extension. Explicitly, for X 6 Mfld ni fe, the value 

(17) Free { /^ ] (X) = colim (P',Q')(E) = colim P® J " ® Q® Jk 

C act act 

E >X (J n ,Jk) >X 

where the colimit is over the quasi-category £^ ■= £^ ert x Mfid u k ((Mfld^ fe ) ac t)y x of active morphisms 
in Mfld^ 1 k from the image under i of £j^ ert to the object X. 

We will now compute the colimit in (JTTJ) . By construction, the projection £^ — > £^ e rt i s a right 
fibration whose fiber over E is the Kan complex Mfld T1 fc , X)- Consider the subcategory of 
isomorphisms £^ D c £\^ ert ~ it is isomorphic to the category of pairs of finite sets and pairs of 
bijections among them. Denote Q = £^ a Xs^ n ^x- Because the inclusion £^ a C £^ en is cofinal, so is 
the inclusion Q C £x- So the colimit (|17j) is canonically equivalent to the colimit of the composite 

Q C £x ; > C®. Because £^ a is a coproduct of oo-groupoids (Kan complexes) indexed by 

isomorphism classes of its objects, then Q is a coproduct of oo-groupoids indexed by isomorphism 
classes of objects of £^ D . As so, the colimit p7|) breaks up as a coproduct over isomorphism classes 
of objects of £^ a . 

We will now understand the [E] th summand of this colimit. Choose a representative E = 
(J n , Jk) € £^ D of this isomorphism class. We point out that the Kan complex of Aut(E') fits into a 
Kan fibration sequence 0(n) Jn x 0(n,k) Jk —> Aut(E) —> x Ej fc . Consider the right fibration 
(£^ a ) ie £fco whose fiber over E 1 is the Kan complex \so(E' ', E) which is a torsor for the Kan com- 
plex Aut(i5) is E' if isomorphic to E and is empty otherwise. Denote the resulting right fibration 
Qe = (£\io)/E x s u G — * G whose fibers arc cither a torsor for Aut(-E) or empty. The composite 
(P* Q') 

Qe — > G C Ex : * i s canonically equivalent to the constant map at P® J ™ (g)Q® Jfc . It follows 

from the definition of the tensor over spaces structure, that the colimit of this composite is 

(Mfld n , fc (i(J n , J k ),xfj ® (P® J " <x>Q® Jfc ) . 
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We conclude from this discussion that the colimit of the composite Q C £ % : > C® is 

(18) ]\ (Mfld„, fe (i(J„, Jk),X)) ®Aut(j„,7 fc ) {P® Jn ®Q® Jk ) ■ 

[(Jn,Jk)} 

We make expression (fT5j) more explicit for the case that (P, Q) = S(P, Q) is a pair of objects 

(P m Q*) 

with trivial group actions. As so, the map Q C £x ' > C® factors through the projection 

Q — > £^ D —> (Fin») iso the groupoid of finite sets and bijections - we denote this groupoid as E. 

Recall that the D n ^-manifold X = (L C M) is the data of a framed n-manifold M, a properly 
embedded smooth submanifold L, and a splitting of the framing along L. Evaluation at the origins 
of i(J n , J k ) = (Uj„ R") U (Uj fc (R fe C K")) gives a map 

Mfld„ jfe ((|jR n ) U (| | (]R fc c W 1 )) , (L c M)) — > Confj„(M s L) x Conf, /t (L) . 

This map is evidently natural among morphisms among the variable (J n , Jk) € where the action 
of Q on the righthand side factors through the projection Q — > E. There results a E-equivariant 
map 

(Mfld„, fc (i(J n , J*), (i C A/))) , A Conf Jn (M sL)x Conf, /fc (L) ; 

V / /O(n) xO(n,fc) J fc 

and for standard reasons it is an equivalence of Kan complexes. We conclude that 
Freeg (P ' Q) (L C M) ^ Conf p (A/ \ L) ® Conf Q (i) . 

Finally, the formula 

Free S £ (P ' Q \L C M) = f Freef^ 

J(LCM) 

is a formal consequence of commuting left Kan extensions (here we are using the same notation 
for Free S £ P '^ and its restriction to Disk,^ fc ). With Lemma [5.111 this completes the proof of the 
proposition. 

□ 

Remark 5.17. The methods employed here in §5.3.31 have been intentionally presented to accom- 
modate much greater generality. For instance, with appropriate modifications of the statements, 
the role of (or its framed version) could be replaced by any category of basics B. Likewise, the 
maximal sub-Kan complex £ C D n! fc could be replaced by any map £ — > B of quasi-catcgories. 



6. Differential topology of singular manifolds 

The proofs of Proposition ^. 321 Lemma f3. 261 and Theorem 13 . 2 81 require some foundational theory 
of singular manifolds akin to the classical theory of differential topology. We give a brief tour of 
such theory and analyze the singular generalizations of orthogonal transformations, tangent bundles, 
vector fields and flows, and embedding theorems. It is here that we fully exploit the deliberate cone- 
structure of singular manifolds. 

Through the course of this section we will not distinguish between a singular manifold X and its 
underlying space lX . In the case X = Uy is a basic of depth k, as usual we identify the subspace 
R"- fe x * c M"- fe x C(Y) with M"- fe . 

Notation 6.1. For U, V G Bsc„, we denote by \so(U,V) C Bsc„(C/, V) the space of invertible 
morphisms. For X £ Snglr n we let Aut(X) C Snglr n (X, X) denote the automorphisms of X. 
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6.1. Endomorphisms of basics. In this section we prove basic facts about the space of cndomor- 
phisms of basics - these facts are useful for understanding specific examples of S-manifolds and also 
serve a larger purpose in the present work. For a basic open U = U x of depth k, we prove that the 
endomorphism monoid of U is homotopy equivalent to 0(R ri_fc ) x Autsngir^ (X), and in particular 
that the endormorphisms of a fixed object Ux £ ob Bsc n (X) form an oo-groupoid. 

Notation 6.2. Fix a basic U — U x € Bsc„ with X of dimension k — 1. In what follows, we write 
M. n - k C U x to mean R n_ft x {*} C R n_ft x C(X) = tU X - In particular, we will abbreviate the 
element (0, *) € lUx by simply writing 0. 

We are about to analyze the topological monoid Bsc„([7, U) of endomorphisms of U. From the 
definition of Bsc n (t/, U), restriction to the subspace R"~ fe C U gives a map of topological monoids 

(19) H|H»-*: Bsc„(C/,[/) -> Emb(M"- fc ,IR"- fc ) . 
If k = then U = R™, note that the map (| 19[) is an isomorphism. 
Remark 6.3. There is a sequence of topological submonoids 

Emb(R", R") D Emb°(R™, R") D Aut°(R") D GL(R n ) D 0(R") 

defined as follows: 

• Emb°(R n ,R n ) consists of smooth self-embeddings which preserve the origin. 

• Aut°(R n ) consists of origin preserving, smooth self-embeddings which are isomorphisms. 

• GL(R n ) consists of those automorphisms which are linear. 

• 0(R") consists of those linear automorphisms which are orthogonal - it is a finite dimen- 
sional compact group. 

Each of these inclusions is a homotopy equivalence of topological spaces. This can be seen through 
the following deformation retractions: 

• There is the deformation retraction of Emb(R™, R") onto Emb°(R'\R") given by (t, f) i-> 

((/(-) -f/(o)). 

• There is a deformation retraction of Emb°(R",R") onto GL(R") given by (t, f) ^ (jf{t-))- 
For t = this is understood to be -Do/, the derivative of / at the origin. That the image lies 
in GL(M n ) is obvious. The continuity of this assignment is a consequence of the definition 
of the weak Whitney C°° topology. 

• There is a deformation retraction of GL(R") onto 0(R") given by the Graham-Schmidt 
algorithm GrSm t : GL(R n ) ->• 0(R n ). 

The methods above are classical. We now imitate these methods for the case k > 0. So assume 
X is a non-empty singular manifold of dimension k — 1 > — 1. Consider the continuous map 

(20) 7: R >0 x R"- fc -> Bsc„(J7, U) , (t, v) \-+ ([«, s, x] ^ [tu - v, ts, x]) . 

Here [u, s,x] is an element of iU(X) = W l ~ k x R>o x bXi^. Write the value of 7 on (t,v) as the 

endomorphism U — — > U . Notice jt,v 7t',«' — Iw.v+tv' and j t v =71 _i v . An important case of 
these identities is v = 0. 

Remark 6.4. The map 7 embodies the concept of scaling and translating - we see it as capturing 
what remains of a vector space structure on a basic. 

Definition 6.5. We now define the topological submonoids 

(21) Bsc„(C7, U) D Bsc° (U, U) D Aut°(C7) D GL(U) D 0{U) . 

• Bsc° (U, U) consists of those endomorphisms / of U which preserve the origin £ R"~ fc C U, 
which is to say /|kt»-*(0) = 0. 

• Aut (U) consists of those origin preserving self-maps which admit a strict inverse (in the 
category Bsc„). I.e., these are the origin-preserving automorphisms. 
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• GL(t/) consists those endomorphisms T of U which satisfy the identity 



T o j t>v = ~f t)Tv o T 

for all (t,v) e R >0 x R"- fc . (The map Tv is defined by noting that any T e Bsc n (U x , U x ) 
defines an embedding M. n ~ k — >• R n_fe .) That such T are examples of origin preserving 
automorphisms is Lemma 16.61 
• The last is defined as the product of topological groups 0(U) := 0(R n_fc ) x Aut(X). This 
is regarded as a submonoid of Bsc n (C7, U) through the homomorphism given by (T, /) \-> 
([u,s,x] \-> [T(u),s,f(x)]). That its image lies in GL(U) is an easy exercise. 

Lemma 6.6. There is an inclusion of subspaces GL(U) C Aut°(C7). 

T 

Proof . We need to show that each morphism U — > U in GL(Z7) is a surjective map of spaces. Let 
[u, s, x] be a point in lU = R n ~ k x C(X). 

We know the image of T is an open subset of lU and contains the origin £ R™ _fe C R ,l_fc x C(X) . 
The sequence t <— > 7t,o([u, s, x)) converges to as t — > 0. So there is a to > for which 7t ,o([ u i s > x \) 
is in the image of T. That is, there is a point [vf, s', x'] S tU with T[u', s', x'] = 7t .o[w, s, x}. Then 
T~f i [u',s',x'] = [u,s,x}. 

□ 



Lemma 6.7. i?ac/i of t/ie inclusions in S21\) is a homotopy equivalence of spaces 
Proof. It is enough to witness the following deformation retractions: 



There is a deformation retraction of Bsc n ({7, U) onto Bsc°(J7, ?7) given by (t, /) h-> 7i,t/(o)°/- 
There is a deformation retraction of Bsc° ([/, C/) onto GL(C7) given by (t, f) H> (71 °/°7t.o) 
- we continuously extend this expression to t = as 



(22) (0,/) h+ D /:=([«,a,a] [x) /| K „_ fc («),i5 /ii[s J a;],/x:[0,0 J x]]) 

which we now explain. 

The first coordinate is the derivative of R™~ — '■ > M"~ R at the origin. Choose a lift 

(R n ~ fc xRx X U W n - k x R x X) e Bsc„ of /. Denote the projections of / onto the R- 
and X-factors as /r and /x, respectively. The third coordinate is the value of fx at [0, 0, x]. 
By adjointness, regard /r as a map R"~ fc x X — > Map°(R,R) to the space of smooth origin- 
preserving maps of the real line. Notate the composition Z?o/k : X ^°^ Xlx > R"~ fc x X ^> 
Map°(R,R) ^ Map°(R,R) - by adjointness we can write it as a map D f R : IxI^I. 
This defines the second coordinate. 

That expression (|22[) is independent of / is immediate from the definition of morphisms 
in Bsc„. Given existence, the expression for Dgf is forced upon us by continuity: 



D f = limTi ,o/7a,o 
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That this expression describes an element of GL({7) is the string of equalities 
D a f°lt.v = (lim7i j0 /7«,o) °7t,« 
= lim7i ,of7ta,av 

= ') ° (Ti,o/7rt,«)) 

= J™&((7i,-±/(-«o) ° (7i,o7i,i/(-«)/7rt,«>)) 

= fe7i,i/(™)) fe(7i o (lim Jij { - pv) h s t, P v))) 

= 7i,d /(«) ° (l™7i,o/7st) 

= 7i,A,/(tO ° (j^ 74,o/7»,o) 

= 7i,£)o/(«)7t,o ° (j™7i,o/78,o) 

= 7t,z» /(«) ° A)/- 

Moreover, T € GL([/) implies 71 o^7t,o = T f° r au time i > 0, and so expression 
indeed a deformation retract. 
• There is a deformation retraction of GL({7) onto 0(£/) given by 

(t,T)^ ([«,«,*] h> [GrSm t (D /| H »-*)(u),(l-*)+*£»oik[*,a:],/jc[0,0,x]]) . 



□ 



In the proof of Lemma 16.71 we discovered the 
Definition 6.8 (Derivative). There is the continuous map 

D: R n - k x Bsc„((7, U) GL(C/) , («, /) ^ lim 7i L f{v) ht,-v ■ 
We write the value of -D on (u, /) as D v f and refer to it as the derivative of f at v. 
Corollary 6.9. The derivative map D : Bsc° (U, U) -> GL(U) is a homomorphism. 
Proof. This follows easily from the classical chain rule for maps between Euclidean spaces. □ 

Lemma 6.10. Let U, V € Bsc rl be basics of depths k and I respectively. Suppose the space of 
morphisms Bsc n (U, V) ^ is non-empty. The following are equivalent. 

(1) The depths k = I are equal. 

(2) There is a morphism f : U —> V for which the intersection 7^ f( L U) H W l ~ l C V is 
non-empty. 

(3) The inclusion of the isomorphisms 

\so(U,V) A Bsc n (U,V) 

is a homotopy equivalence. 

(4) There is an isomorphism U = V. 

Proof. We show (3) ==> (4) =>• (1) => (3) and (1) -<==> (2). The first implication is obvious. 

Write U = Ux and V = Vy for X and Y compact singular manifolds of dimensions (k — 1) 
and (Z — 1) respectively. Inspecting the definition of a morphism U V in Bsc„ we conclude 
U = V =>- X = Y". Because X = y implies = ty are homeomorphic, by invariance of domain 
the dimensions must be equal k = I. So (4) ==> (1). Moreover, knowing Bsc„(C/, V) is nonempty, 
we conclude the following. 

• If k = I then X = Y, hence U = V. We can thus assume U = V. From Lemma l6~7l there is 
a deformation retraction of both Bsc„ ([/,£/) and lso([7, [/) onto GL(t/). Thus (1) =>■ (3). 
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• If k ^ I then the image g((XJ) C M>o x C{lV). In particular this image is disjoint from 
W 1 - 1 . Thus -n(l) =^ -,(2). 

• If the image of g is disjoint from M. n ~ l C lV, then k ^ I. Thus -i(2) => 

□ 

Remark 6.11. We conclude from Lemma f6. 101 that for each point x in a singular manifold X there 
is a unique isomorphism class of coordinate charts (U,0) — > (X,x) about x. 

There are a number of immediate corollaries of Lemma 16.101 

Corollary 6.12. 

(1) Let U be an objet of Bsc n . Then the coherent nerve of the subcategory of endomorphisms 
iV c (EndBsc„ (U)) is a Kan complex (i.e., oo -groupoid). 

(2) Let U — > V be a morphism in Bsc„ . Then exactly one of the following is true: 

(a) The edge f is an equivalence in the coherent nerve N c Bsc,, . 

(b) The depth of U is strictly less than the depth ofV. 

(3) Denote the full subcategory Bsc„ )= j C Bsc,, spanned by the basics of depth exactly j. Then 
Bsc nj= („_fc) has a skeleton which is the coproduct (as categories) of topological monoids 

\\ Bsc„(E/?,[7?) , 

[yfc-i] 

with one summand for each isomorphism class of non-empty compact singular (k — 1)- 
manifolds. Moreover, each such monoid group-like. 

(4) The quasi- category N c Bsc„ is a Kan complex. 

(5) The assignment U <— > depth(C7) describes a functor 

Bsc„ — » N 

to the poset natural numbers. Upon applying the coherent nerve, this functor is conservative. 
(It follows that N c (Bsc,,) —> N is afibration of quasi- categories, though this will not be used.) 



Recall the topological monoid Bsc n (J7, U) which appcarrcd in Definition 12.21 
Lemma 6.13. The map of topological monoids 

Bsc n (U,U) Bsc„ (U,U) 

is a homotopy equivalence of spaces. 

Proof. First notice the apparent lift 0(U) — > Bsc n (U, U) of the inclusion 0(U) C Bsc„(J7, U). The 
defining expression (|20p of 7 reveals that it factors through Bsc n (C/, U) — > Bsc n (U, U). The methods 
just established for Bsc„(C/, U) carry through verbatum and give that the inclusion of topological 
monoids 

0(17) ^BTc n (U,U) 

is a homotopy equivalence of spaces. 

□ 

6.2. Dismemberment. We give a useful construction which functorially assigns to each singular 
n-manifold X of depth k a singular n-manifold X of depth less than k, equipped with a conically 
smooth map X — > X which is an isomorphism of singular n- manifolds under X \ X n -k- We refer 
to X as the dismemberment of X (along X„_k) and observe useful relations between properties of 
X and its dismemberment. The intuition is that X is obtained from X by tearing out its deepest 
stratum then extending by a small collar along the torn locus. The map X — > X is given by 
collapsing this collar extension appropriately. 
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Lemma 6.14. There are topological functors 

(-)< : Snglr„ < fc -> Snglr„ < fc (-): Snglr„ < fc ->• Snglr n <i . 

equipped with 

• a natural transformation 

i: L (~)<o ^ a 
with o~i = 1 i/ie identity transformation, 

• a natural transformation 

t(-)< -> t 

which, for dk{—) '■= ((— )<o)i(_n > restricts as a fiber bundle 

whose fibers are in Snglr^* x (m particular the fibers are not empty). 

Remark 6.15. The intuition is that X<q, and X, are obtained from X by deleting an open, 
respectively closed, tubular neighborhood of the depth fc-stratum of X. If X happens to have 
empty depth fc-stratum, then X<q = X = X . 

Remark 6.16. The natural transformations of Lemma f6 . 1 41 are defined on underlying spaces. This 
is because we have not yet discussed maps among singular manifolds of unequal dimensions. We will 
do this in ^GAl afterwhich it is manifestly the case that these natural transformations canonically 
lift to natural transformations by conically smooth maps. 

Remark 6.17. The intuition is that X<o is obtained from X by deleting tubular neighborhoods 
of the singular strata, and that X is obtained by deleting closed tubular neighborhoods of these 
strata. The exact construction is an imporvement on this intuition so that no information is lost. 
Slightly more specifically, where no 'deletion' actually takes place, but rather something more like 
'real blow-up' and 'real blow-up with collar extension', respectively. 

Proof of Lemma \6.14\ We construct the functors (— )> and (— ), as well as the said natural transfor- 
mations, by induction on the depth parameter. For the base case of depth zero, declare (— ) >0 — ( — ) 
to be the identity functors - here we are using the canonical embedding Mfld„ C Snglr„. The natural 
transformations are tautological. 

Suppose both (— ) >0 an d (— ) have been defined on Snglr n <fc , as well as the natural transfor- 
mations. We first define (— ) >0 and (— ), as well as the natural transformations, on Bsc rl .<fc- Let 
U £ Bsc„,<fc be a basic of depth at most fc. If the depth of U is strictly less than fc, then t/>o and 
U, as well as the natural transformations, have already been defined. Let U = Uy be a basic of 
depth fc. Declare 

(Uy)>o ■= Rn ~ k x R> x F (Uy) := R"- fe x K x Y . 

By induction, (Uy) >0 is a sngular n-manifold of depth fc, and (Uy) is a singular n-manifold of depth 
greater than fc. From the inductively defined natural transformations there are the canonical maps 

(23) i : i{Uy) >0 = K"" fc x R> XtFs R"~ fe x M x iY = i{Uy) , 

(24) a: UUy) = R n ~ k xlxiY lxh|xg ) IfT^ x M> x iY = i(Uy)> , 
and 

(25) i(Uy)> = R"~ fc x R> x lY ^ K"" fc x M> x iY ^ M"" fc x C{lY) = lU y . 

This latter map restricts to the projection dkiUy) — K" _fc x {0} x Y — > R n ~ k which is a fiber 
bundle with fibers in Snglr^j'. 
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We now define (— )> and (— ), as well as the natural transformations, on morphisms of Bsc n <k- 
f 

Let U — > V be such a morphism. If the depth of U or V is less than k, then these data have already 
been defined. Assume U = U Y and V = V z have depth k. Write / : R"- fe x C(lY) -> R"- fc x C{iZ) 
in coordinates as f[u,s,y] = [f s,v (u), f u ' v (s), f u ' s (y)]- Exactly from the definition of morphisms 
between basics, the expression f>o(u, s, y) — (f s ' v (u), f u ' v (s), f u ' s {y)) is well-defined for s > (in 
particular, independent of the choice of representatives for / and for [it, s, y]), and the resulting map 
of sets 

(-)>„: Bsc n (C/ y ,y z )^Snglr„ 
is continuous. Likewise, define the continuous map 

(-): Bsc n (U Y ,V z ) -+Snglr„ 

in coordinates as 



f s ' v (u) 
f u ' y (s) = 

J u ' s {y) 



\f s ' y {u) s>0 

\.r sy (u) s <o 

f u ' y (s) s>0 

-.f u ' v (s) s<0 



J u - S (y) s<o. 

This expression is well-defined and it is simple to check that / is 'smooth', which is to say it is an 
element of Snglr n ((C/y), Vz) - the salient point to notice is that the two limits 

lim ^ = lim 

exist and agree for all u and y. It is immediate that these continuous maps of morphisms spaces 
respect composition and are compatible with the canonical maps (|^|) . (|M|) . and (p?5T) . 

We now define (— ) >0 and (— ), as well as the natural transformations, on Snglr n <k . For X a 
singular manifold of depth at most k, define the underlying spaces 

iXyn := colim iU>n uX := colim lU . 

U->X - u^x 

It is routine to verify that these spaces are second countable and Hausdorff, both of these statements 
follow because morphisms from basics to X form a basis for its topology. By construction, lX>q 

has the open cover {(.C/>o | U — > X}, and each inclusion (ip~ 1 4>) >0 : lU>q C lV>q is a morphism of 

singular n-manifolds. This determines an atlas for X>o, which determines a maximal atlas. That 

(— )> is a topological functor is formal from its construction (as a left Kan extension). Likewise for 

h" _ _ 

It is formal to check that these definitions of (— ) >0 and (— ) agree with the inductively defined 
definitions on Snglr n <k . The natural transformations are equally formal, being defined on Bsc Tl .<fc. 
The conditions on these natural transformations are local conditions and their statements thus 
reduce to the statements already shown on basics. 

□ 

We make some immediate observations about these functors. 
Observation 6.18. 

• If X is a smooth n-manifold then X> = X = X. In particular, (— ) is idempotcnt. 

• For X an arbitrary singular n-manifold, there is a canonical morphism X n — > X>q and 
X n — > X from the top n-dimensional stratum. 
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• If X is a singular n- manifold, then there is a canonical isomorphism X = -X> , this is given 
by explicitly constructing such on basics by induction. In particular, (— ) >0 is idempotent. 

• There is a canonical isomorphism ((— ) >0 ) — (— ), this is given by explicitly constructing 
such on basics by induction. 

• For X an ordinary smooth manifold 

X~xY X x Y . 

6.3. Tangent bundle. We define the tangent bundle TX associated to a singular manifold X. To 
do so, we must enlarge our notion of a singular manifold in the following way. Recall that a basic 
U can be canonically written as Uy = R Il_fc x C(Y) with Y compact. We now allow the possibility 
that Y admits a finite atlas, yet need not be compact. A second countable Hausdorff topological 
space equipped with a maximal atlas by such basics will be referred to as a protracted singular 
n-manifold. We will not develop this larger class of protracted singular manifolds, but many of the 
basic results and definitions for singular manifolds are valid in this protracted setting. 

As we will see, the tangent bundle TX — > X of a singular manifold will not be a fiber bundle 
of topological spaces. Indeed, the fiber over x £ X is homeomorphic to a small neighborhood of 
x, any of which is homeomorphic to a cone C(S n ~ 1 * Y). (See Remark 16.211 ) However, for 
each open stratum Xj-ij the restriction TX\ x ._ t . —> Xj—ij does have the structure of a fiber 
bundle equipped with a fiberwise R>o-action in line with the cone structure of these cone-shaped 
neighborhoods. 

Definition 6.19. Let I be a topological space and let R>o = (R>0: x) be the topological semi- 
monoid. A R>o -space over X is a topological space E — > X over X together with an action of the 
semi-monoid over X 

(R> x X) x x E -> E 

whose restriction to {1} x E is the identity on E. We say a R>o-space over X is free if the restriction 
of the action to R>o is free and the map from the quotient £'/r >0 — > X is a homeomorphism. We 
call the resulting section z : X = • E — >• E the zero-section. 

Definition 6.20. We simultaneously define: 

• The tangent bundle functor 

X i — y (TX -> X) 

which assigns to each protracted singular manifold X a free R>o-spacc TX over X . This 
assignment is natural with respect to conically smooth maps. 

• An isomorphism of free R>o-spaces T(X x Y) = TX x TY whenever Y has depth zero. 
This isomorphism is natural with respect to conically smooth maps in X and Y. 

We proceed by induction on the depth k oi X. For the base case k = - when X is an ordinary 
smooth manifold - we define TX — > X as the familiar tangent bundle equipped with the free 
R>o-action by scaling. Record the standard canonical isomorphism T(X x Y) = TX x TY. 

Consider the singular 1-manifold R>o = U}. Declare its tangent space T(M>o) = (TR)| R>0 \ 
{(0,t) 1 * > 0}. 

Suppose the functor X' H> TX' has been defined for X 1 of depth less than k. Let U = U Y 
be a basic of depth k. Denote the singular n-manifold U = R n ~ k RY - it has depth less than k 
and there is the standard quotient map of topological spaces U — > U. Denote by U< the product 
singular n-manifold R n ~ k Y x R<o- There is the standard inclusion of underlying spaces U<o C U. 
By induction we have defined TU and a canonical isomorphism TU = TM. n ~ k x TR x TY. Via this 
isomorphism, define the subspace TU<q C TU as 

TU<o = TR n - k x TR< x TY 

which is a free R>o-subspace over J7< C U. 
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There is the obvious R> -equivariant projection TU<q — > TU n _k over the quotient map U<q = 
R"~ fe x R< x Y — > R"~ fe = U n -k- Define the topological space TU as the pushout 

(26) TU< >- TU 

V 

TU n k - TU 

The solid diagram is evidently R>o-equivariant over U, thus giving the R>o-map TU — > U, this 
R>o-action is free as desired. Provided X has depth zero, the isomorphism T(X x U) = TX x TU 
is immediate from the description of the product of singular manifolds (see Lemma |2.16[) . 

The standard inclusion R n ~ h R > oZ — > U% induces an R>o-equivariant map T(R n ~ h R > oZ) — > TU 
over this inclusion. Notice also that for each j the inclusion of the j th stratum Uj — > U induces 
a continuous R>o-equivariant map TUj — > TU over the standard inclusion Uj C U. We point 
out that a fiber of TU — > U over x £ U n -k is canonically isomorphic to R"~ fc x (R>o X Y) = 

R" _fe x C(Y) = U as a R>o-space, whereas a fiber over a point x € U \ f/ n _fc is a fiber of T[/ — > U. 
f 

Let Vg — > J7y be a morphism between basics of depths Z and A: respectively. If I < k then / 
factors through R n - k R >Q Y and we define the map Df: TV -> T(R n ~ k R>qY C Tf7 where the first 
map is defined by induction. Suppose / = fc. From the definition of a morphism between equal 
depth basics, there is diagram 

V ;/ U 

V — u 

where the vertical maps are the standard quotient maps and with / a morphism of protracted 
singular n- manifolds which restricts to a map V<q — > U<q over V n -k — > U n -k- By induction, there 
is a map Df: TV — > TU, and Df gives a map of the solid diagrams depicted in (|26|) . There results 
a map of pushouts TV — > TU . This map is R>o-equivariant because everything in sight is. 

Define TX = coWmTU where the colimit is over the category {U —> X} of basics over X. That 
TX is a free R>o space over X follows because each term in colimit was so, and each morphism in 
the colimit respected this structure. Clearly the assignment X TX is functorial. Moreover, for 
Y of depth zero the canonical isomorphism T(X xy)~ TX x TY is apparent. This completes the 
definition of the free R>o-space TX over X. 

The space TX associated to a protracted singular n-manifold X has a canonical structure of a 
protracted singular 2n-manifold - the atlas is given from the open cover TU, which is evidently 
a protracted singular 2n-manifold, as U — > X ranges through coordinate charts. Moreover, for 
X — > Y a morphism of protracted singular n-manifolds, then Df : TX — > TY is a morphism of 
protracted singular 2n- manifolds for which TX ^> f*TY is an isomorphsim over X. 

Remark 6.21. We warn the reader that while we call TX — > X the tangent bundle, it is only a 
fiber bundle in the case that X has depth zero. In the general case, the fibers over different points 
are not isomorphic. For instance, in the case that X is a nodal surface, the fiber over a node is 
isomorphic to C(S 1 U S 1 ) (as an R>o-space) whereas the fiber over a smooth point is isomorphic 
to M 2 (as an R>o-space). In general, the fiber of TX — > X over x G X is a singular n-manifold 
which is isomorphic to a chart containing x in its deepest stratum - the isomorphism class of this 
chart is well-defined in light of Lemma 16. 101 (this isomorphism is not as R>o-spaces). (This suggests 
the existence of an exponential map - while the theory developed here is likely amenable to such 
methods, we do not develop them here.) In any event, while TX — > X is not a fiber bundle of 
topological spaces, for each open stratum Xj-ij C X the restriction TX\x _^ ■ is a fiber 

bundle. 
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6.4. Conically smooth maps. Until this moment, we have only considered "smooth" open em- 
bcddings X — > Y. We now define the space of "smooth" maps X — > Y which are not necessarily 
open embeddings. This larger class of maps is necessary for discussing vector fields, flows, and 
(positive codimension) embeddings. We refer to this notion of smoothness as conical smoothness 
and say that such a map is conically smooth. 

Let X and Y be protracted singular manifolds. We define the set C°°(X, Y) of conically smooth 
maps from X to Y as follows. We use induction on the depth I of Y with the base case I = so 
that Y is an ordinary smooth manifold. If X has depth zero define C ca (X, Y) as the familiar set of 
smooth maps. Suppose we have defined C°°(X, Y) for X of depth less than k. Let U = be a 
basic of depth k. Define C°°(U, Y) C C°°(R n ~ k RZ, Y) as the subset of those / which factor through 
the quotient map R n " fc x (ffi x Z) -)• W l - k x C(Z). For X of depth k, define C°°{X,Y) as the 

subset of those continuous maps / for which for each chart U — > X the composition f<p £ C°°(U, Y) 
is conically smooth. Assume then that we have defined C co (X, Y') whenever Y' has depth less than 
I. Suppose Y = Vq is a basic of depth I and X = f7™ is a basic. Define C£°(U, V) as the set of 
those continuous maps / for which the diagram can be filled 

R n - k x E x Z ■■■■■>■ R m ~ l xRxQ 



R n ~ k x CZ — W n - 1 x CQ 

with / <E C°°(R n ~ k RZ, R m ~ l RQ) where the vertical maps are the standard quotient maps. Define 
C°° (X, Y) as the set of those continuous maps / for which for each x £ X there is a pair of 

charts (C/,0) A (X,x) and (V,0) A (Y,f(x)) for which f(<j>(U)) C ip(V) and the composition 
G Cfi°(U 7 V). These sets C°°{— , — ) are closed under composition. 

Example 6.22. The inclusion of a stratum Xj — y X is a conically smooth map. 
Remark 6.23. The following example serves to warn the reader two-fold. Consider the open 
'Y'-graph Y = U$ = C({a,b,c}) = (lx {a,b,c})/^. Consider the map R A Y given by t h-> 
(exp(^j),a) for t < — 1, as f ^ (exp(^j-), &) for t > 1, and as t i-> [(0, a)] = [(0,6)] otherwise. 
Then / is conically smooth in addition to being a proper map with mapping to the Y-point. 
This illustrates that a conically smooth map need not preserve stratifications in any sense. It also 
illustrates that the obvious inclusion C§° (U, V) C C°°(U, V) is not an equality - indeed, the depicted 
conically smooth map / is not an element of . 

It is routine that TX —5- X and the action R>o x TX — > TX arc conically smooth maps. It is 

t 

likewise routine that a conically smooth map X — > Y induces a conically smooth map D f : TX — > 

f 

TY of M>o-spaces over X — > Y . Endow C°°(X, Y) with the weakest topology so that the iterated 
derivative map D r : C°°(X, Y) — > Top(T r X, T r Y) is continuous for each r > 0. With this topology, 
the composition maps C°°(X, Y) x C°°(Y 1 Z) — s> C°°(X, Z) are continuous. It is an exercise to 
verify that, for X and Y singular n-manifolds, the apparent set map Snglr n (Y, Y) —> C°°(X,Y) is 
the inclusion of a subset, and that for X and Y smooth, this space of maps agrees with the weak 
Whitney C°° topology. 

Lemma 6.24. There are conically smooth partitions of unity. 

Proof. This follows the classical arguments founded on the existence of smooth bump functions 

- here the essential observation is that {f(iV) C lU \ V — > U} forms a basis for dl, and for 
(j)' : R>o — > [0, 1] a smooth map which is 1 on [0, e/2] and outside [0, e) for some e > 0, then the 

composition <f>: lU ~ C(S k ~ 1 * lY) -^h> R>o — > [0, 1] is a conically smooth map whose support is in 
an (arbitrarily) small neighborhood of £ R n ~ k C lU . The remaining points are typical given that 
lX is paracompact. □ 
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6.5. Vector fields and flows. Consider the dense R> -subspace over A 

PX= |J TX^jCTX 

0<j<n 

which is the union of the tangent spaces of the open strata (which are ordinary smooth manifolds) . 
Refer to PX as the parallel tangent space of X. 

Definition 6.25. A parallel vector field on X is a conically smooth section V : X —> TX which 
factors through PX C TX. 

Vector sum gives the commutative diagram of R>o-spaces over X 

PX x x TX -±> TX 

whose restriction to PX Xx PX factors through PX. This operation + is defined through local 
coordinates (U, 0) H> (X, x) at a point of depth j by the expression 

(TUj) x V] (U, x U) -±> (Uj x U) , ((u,v),(u,[w,s,y])) ^ (u,[v + w,s,y}) . 

By inspection + is associative and commutative, thereby making PX into a vector space over X 
and TX a module of PX over X. As so, the space of parallel vector fields on A is a vector space. 

Lemma 6.26. Let V be a parallel vector field on A. Then V can be integrated to a conically smooth 
flow r\: R x A — • » A defined on a neighborhood of {0} x A. 

Proof. Let k be the depth of A. For k = the result is classical - from the existence, uniqueness, 
and smooth dependence on initial conditions for ODE's. Assume k > 0. 

By definition of V being conically smooth there is a collection of charts {U a — ^> A} for which 
{4>a((U a )k)} covers A„_fc, and for each a there is a filling 



U a —^TU a . 

From the construction of <9A„_fc, the images of the collection {d(Uk) a —> <9A„_fc} is a cover. Upon 
possibly shrinking A over A, and using the canonical isomorphism A \ A<o ^> A \ A„_fc> the 
collection {(j) a (U a )} II {</>([/) -> A of depth > fc} is an open cover of A. Upon choosing a 
partition of unity {?/v} subbordinate to this open cover, the expression V = ^ a 'ip a i ■ V a > gives a 
filling 

A 1 / .V 



A — ^-TA 

after possibly shrinking A over A - here V a > = Vm , if a' ^ {a} which makes sense through 
A \ A< — Y X \ A„_fc. 

Evidently, V factors through PA x^j TA. Straight from the definition of U and P (— ), the 
canonical morphism PC/ Xy PC/ — > TP factors through PP, so likewise with U replaced by A. By 
induction on k, there is a flow rj : R x A --■» A defined on a neighborhood of {0} x A. 

It is immediate to see (using local coordinates for instance) that this morphism is an isomorphism 
onto its image, which is characterized as the subobject / C PA for which I\x n _ k = ker(T(dX n -k) —> 
I\dx n -k) w here the arrow 9A n _fc — > A is a conically smooth embedding. As so, the restriction of the 
flow rj: R x dX n ^k -~* A factors through <9A„_fc. Because 9A„_fe separates A, it follows likewise 
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that the restriction factors r\ : R x X< — » X<o- There results the map on quotients rj: X X 
as desired. 

□ 

6.6. Proof of Proposition 12.321 The statement of Proposition 12 . 321 immediately appeals to using 
Morse theoretic arguments. However, such a discussion would require the existence and utility of 
Morse functions our context of singular manifolds, which would require some careful development 
of transversality in this singular setting. While the presentation of singular manifolds featured in 
this article is likely amenable to a theory of transversality, we find a proof of Proposition 12. 321 which 
involves far less development. 

Let X be a singular n- manifold. Choose a conically smooth partition of unity {ip a } subbordinate 

to the open cover {U a | U a — ^> X} of X. 

For each U a — ^> X of depth k, written U a = Uy, consider the flow r\ a : R x U a — y U a given by 
(t, (v, s, y)) = (v, s + t, y) - it is a conically smooth map having no stationary points and t]q is the 
identity. For each x £ U a , denote the restriction r] a (x) : R x {x} — > U a which is a conically smooth 
path. This determines the vector field V' a : U a — > PU a given by V^(x) = D rj a (x)(l). This vector 
field is parallel and its flow is rj a . For U a of depth greater than k, define V' a : U a —> PU a as the zero 
vector field. 

For each a consider the parallel vector field V a : X — )• PX given by V a (x) = ip a (x)-D^-i x V^ (<j>a lx ) 

if x 6 4> a (U a ) and V a (x) = otherwise - this indeed defines a conically smooth vector field and it 
is parallel because its support is a scale of a parallel vector field. Define the parallel vector field 
V: X -> PX by 

V{x) = J^V a . 

Because the sum is locally finite and each summand is parallel, this indeed describes a conically 
smooth parallel vector field. 

Note that the restriction of V a to (/)a((U a )<o) does not vanish and projects to the zero vector 
field under the projection C7<o — >• R™~ fc x Y whose fibers are the oriented singular 1-manifold R>o- 
It follows from its defining expression that the restriction of V to X<$ is non- vanishing and projects 
as the zero vector field under X<o ~> dX n -k whose fibers are singular 1-manifolds. 

Consider the flow rj: 1x1 ---> X of the parallel vector field V - it exists by way of Lemma f6. 261 
From the above considerations, the restriction of the flow r] : R<o x X<o — s> X<q C X is defined for all 
non-positive time; and the restriction of this flow gives a conically smooth map rj: R<o x dX„-k 
X<q which is an isomorphism of singular n-manifolds. From the openness of the domain of rj, there 
is a conically smooth map e: dX n -k R>o for which the flow r\: R< e x dX n ^ — > X gives a 
morphism of singular n-manifolds with rjo the standard inclusion dX n ^k X. Because the fibers 
of the projection dX n ^k X n _fc arc compact, by shrinking e as necessary we can assume e is 
constant along fibers; that is, e: X n -k — > R>o- 

Denote the projection p: X<q — > dX n -k. Consider the equivalence relation ~ on R <£ x dX n _k 
which is the subset of the product {(t,x),(t',x') \ t,t' < , p(x) = p{x')}. Define := 
(R <e x dX n -k)/~- The atlas of R <e x dX n _k manifestly gives an atlas of X n -k making it a 
singular n-manifold. Note the standard inclusion X n -k ^n-it as x \-> [Q,p~ 1 x] and the canonical 
isomorphism of singular n-manifolds X n ^k \ X n ^k = (0, e) x dX n -k- This equivalence relation is 
such that the restriction of the map X — > X to R< e x dX n _k factors through the morphism of 
singular n-manifolds X n ^k — > X under X n -k- This finishes the proof of the proposition. 

6.7. Regular neighborhoods. We establish a version of Whitney's embedding theorem for singu- 
lar manifolds, in addition to the existence of tubular neighborhoods. We imitate classical arguments 
(for instance, as found in [Sp]) so we will only indicate the arguments. 
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Lemma 6.27. Let X be a finite singular n-manifold. There is a proper conically smooth embedding 

X ^ R N 



for some N . 

f 

Proof. Let A = {(Ul X)} <i< r be a finite atlas for X. Replace this atlas by another A = 

{(Ui X)} for which fi(Ui) C //(f/j) is contained in the closure. Choose a conically smooth 
partition of unity {ipi} subordinate to A. Denote Ui — Uy for Yi a compact singular (ki — 1)- 
manifold of strictly less depth than X. Because each Yi is compact and therefore finite, inductively, 
choose an conically smooth (proper) embedding e\: Yi — > R^ -1 C 5 There results a conically 
smooth embedding a : Ui = R ki x C(Yi) <-t R fci x C(S Ni _1 ) « R fc ' +JVi where this last map is given 
via polar coordinates by the radial map s M> exp(— -) for s G R>o and s 4 else. Then the 
expression (^i ■ ei, . . . ,ip r ■ e r , ipi, . . . , ijj r ) described a conically smooth embedding e" : X » R-^ -1 
where N - 1 = r + Ei<i< r k i + N i- 

We now modify e" to a proper map. Choose a sequence of compact subsets Ki C K^ C ■ ■ • C lX 
such that the union lj i Ki = iX and Ki is contained in the interior of Ki+\. Using conically smooth 
bump functions, for each i choose a conically smooth map hi : lX — > [0, 1] which is on Ki and 1 
on Ki+\. Define B: lX — > K as bi\ this sum makes sense because for each x £ lK there is a 
neighborhood on which bi(x) ^ for only finitely many i. The map e = B x e" : X — > M. is a 
conically smooth proper embedding. □ 

Fix a properly embedded singular n-manifold of depth k. The (n — k) th stratum X n _k C is 
then a properly embedded smooth (n — fc)-submanifold, with unit sphere bundle denoted SX n -k — > 
X n _k- Denote the intersection with the normal bundle as NkX = {(m, v) <E TX\ Xn _ k \ v _L TX n -k}- 
For e: X n _t — > E>o a smooth map denote the R>o-subspace N%X — {(x,v) e TK^. |||i; — 
N k X\\ < e(x)\\v\\} over X. 

Lemma 6.28. Let X C 6e a conically smoothly properly embedded finite singular n-manifold. 
Let e : X n ^k — > M>o be an arbitrary conically smooth map. Then the intersection with the exponential 
spray 

exp(7V|X) n X = {x + v | (x, v) e N e k X} n X 
is an open neighborhood of X n ^ k C X, and therefore canonically inherits the structure of a singular 
n-manifold. 

Proof. It is sufficient to prove the statement for a conically smoothly embedded basic i: U C M. N . 
Write U = Uy, with Y a compact singular (k — l)-manifold, so that lU = R" _fc x C(lY). Upon 
shrinking U if necessary, by performing a diffeomorphism of we can assume W a ~ k C U C is 
the standard embedding. It is enough to show that for any [u, s,y] £ U there is a to > for which 
for all < t < to the point i[u, ts, y] is an element of exp(N^X); that is, for each < t < t there is 
a vector w t € (N k X) u for which ||(i[u,is,y] — it) — Wt\\ < e(u)\\w t \\. 

Let [u, s,y] £ {/ be arbitrary. Denote the vector w = ao,u (i)[u,s,y] G T U X C R w . If io = 
then s = and there is nothing to prove. Assume w ^ 0. From the definition of ao,«(i) = 
limt_>o 7i, M °i° 7t,u, there is a to > for which for all < t < to there is the inequality 

\\ C [U ' tS f- U +u)-(w + u)\\ < e{u)\\w\\ 
which is to say ts, y] — u) — tw\\ < te(u)\\w\\ and we are finished. 

□ 

Lemma 6.29. Let X C R^ be a conically smoothly properly embedded singular n-manifold. Then 
there is a conically smooth function S : X — > R>o for which the S -neighborhood v of X C M. N is a 
regular neighborhood - denote the deformation retraction r t : v — > v. Moreover, if X is finite then 
there is an isotopy of X <—> WL N through proper conically smooth embeddings to one for which such 
a S is bounded below by 1. 
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Proof. Again, we imitate classical methods so only indicate the proof. Once and for all choose a 
smooth family, as e G R>0i of smooth bump functions (distributions) c £ : R>o — > [0,1] for e > 
which takes the value 1 on the interval [^, ^] and takes the value outside the interval [e, 2e]. 
Choose a smooth function d: M. N — > R>q for which d is bounded by the continuous functions 
§dist(-, A) < d < dist(-,X). Consider the vector field V: R N ->• R N given by 

^ Ix C d(v) v ' 
V \-> -j — — — — V . 

Jx C d(v) 

Because the support of c e is compact and X is closed, these integrals converge. Moreover, being 
comprised of smooth functions, the vector field V is smooth. The intuition for V is that Y(v) points 
towards the center of mass of the locus of points of X which are nearest to v. For instance, if the set 
{x' G X | d(v,x') = d(v,X)} is a singleton, then Y(v) is approximately x' — v, this approximation 
smoothly improving the closer v is to X. In particular, if x G X then d(x) — and thus Y(x) = 0. 

By existence and uniqueness of solutions to first order ODE, in addition to smooth dependence 
on initial conditions, this vector field can be integrated to a smooth function R x — > M. N . If 
{x' G X | d(v,x') = d(v,X)} is a singleton, then Xt( v ) approximates the straight-line flow from v 
to x'. In particular, from the tubular neighborhood theorem for ordinary submanifolds, for v close 
enough to a point in the open n-stratum X n _i „ C X, the flow Xt( v ) for t > approximates the 
straight-line path from v to its nearest point in X. 

Let x G X. From Lemma |6 . 1 01 there is a unique (up to isomorphism) compact singular manifold Y 
for which a neighborhood of x G X is of the form Uy- Consider replacing X by exp(T x X) = T X X C 
T X R N £ to obtain a new vector field V. Because T X X C 1* is R >0 -invariant, in other words 
conical, then v £ T X X implies v G R^xjO} = M>o x S 1 ^' 1 and the projection of v onto M>o is strictly 
negative. Moreover, from the compactness of Y, for v G T X X with ||u|| = 1 then the magnitude 
of the image of v under this projection is bounded below by a positive number. In particular, the 
set {v G M. N | limt^oo x't( v ) € T X X} = R N is everything and the assignment v h- > \im t ->oo Xt( v ) 
describes a continuous map Ht N —> T X X - likewise, for Bs^^x) in place of M. N . From Lemma T6.28I 
applied to the singular n-manifold of depth n which is {X, x) - the marked point x regarded as a 
singularity of depth n - we can choose a S x for which a ^-neighborhood in X of x is within an 
arbitrarily small neig hborhood of exp(T x X) C R N . As so, the original vector field V is arbitrarily 
close to V in a small enough neighborhood of x. In particular, for a small enough 5 X > 0, the 
subset {v G Bg x (x) | lim^oo %(«) G X} = Bs w (x) is everything and furthermore, the assignment 
v i y limt_ i . 00 Xt(v) describes a continuous map Bs x (x) — > X. In this way, because X C M. N is 
properly embedded, we can choose a continuous map 5: X — > R>o such that for every v in the 
^-neighborhood v of X in R , the assignment v H> \im t ^oo Xt(v) is a continuous function v — > X. 
Upon reparametrizing the flow we obtain a map r' : [0, 1) X v — > v which extends continuously to 
r: [0,1] witnessing a deformation retraction of v onto X. 

Suppose X is finite. Choose a finite atlas A = {(£/*,<&)} for X. For each f/i in this collection, 
choose a sequence of endomorphisms : C/j — > [/,; for which the closure of the image fij(dli) C dJi is 
compact and the union (J ■ fij(iUi) = dJi. Consider the singular submanifold Xj = [J i (pi^fijiUi)) C 
X C R . Then the closure of Xj in R w is compact and contained in X. So the restriction 5\Xj 
is bounded below by a positive number. Let Rj = Sup{||x|| | x G Xj} < oo. By itcratively (and 
smoothly) scaling outside Rj-i through an isotopy rel Bn j l (Q), we can assume 6(x) is bounded 
below by 1 for x G Xj. This completes the proof. 

□ 

6.8. Homotopical aspects of singular manifolds. We record the following technical results 
which are referenced in the course of the proof of Theorem 13.281 

Lemma 6.30. Let X be a finite singular n-manifold. There is a conically smooth map (3: [0, 1] x 
X — > X with /3q = lx the identity map and such that the collection of closures {/3t(X) \ t G (0, 1]} 
is a compact exhaustion of X . 
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Furthermore, for each t S (0, 1], the inclusion f3 t {X) — >• A is a trivial cofibration of topological 
spaces. 

Proof. We give a parallel vector field V on X whose now rcparamctrizes to the desired (3: [0, l]xX-> 
X. For this statement we use induction on the dimension n. If n < the statement is vacuously 
true. Suppose the statement is true for n' < n. If X = the statement is vacuously true. Assume 
otherwise. From Theorem 12.381 we can write X as a finite iteration of collar- gluings from basics. 
Let this number of iterations be r. We proceed by induction on r. 

If r = 1 then X = U Y is a basic. Consider the path of endomorphisms 7: R>o x U — > U given 
by (t, [w, s,j/]) [j, f Consider the vector field VF = gj7t|t=i on [/. Choose a diffcomorphism 
R = R<i which is the identity on R<o, thereby implementing an endomorphism U — > U upon 
identifying U = R"" fc xCT = COS""^ 1 * F) = (R x S*™-^ 1 *Y)/„. Define V as the pullback of 
W along this endomorphism. It is immediate that V has the desired properties. 

Assume r > 1 and write A = A_ Upp A + as a collar-gluing in where both X± themselves can 
be written as < r-timcs iterated colar-gluings from basics. By induction there are V± and Vo as in 
the statement for X± and P respectively. 

Choose orientation preserving diffcomorphisms e+ : R = (l,oo) and e_ : R = (— 00, — 1) which 
are the identity on [2, 00) and (—00, —2] respectively. These diffcomorphisms implement morphisms 
E±: A± -> A such that {£±(I±),(-2,2)x?} is an open cover of A with £-(A_) n (-1, 1) x P = 
E+(X+) n (-1, 1) x P = = EL (A_) n£ , + (A+). Choose a partition of unity {"0±, V>o} subordinate 
to this open cover. Denote the vector field W on A given as ^±(x) ■ D X (E±) (V±(E± 1 (x))) for 
ie G -E±(A±) and as zero vector field elsewhere - W is well-defined because the two sets E±(X±) 
are disjoint. Denote the vector field Wq on A given as (O,^^) • Vo(prv(x))) for x £ R x P and 
as the zero vector field elsewhere. These vector fields W and Wq are indeed conically smooth, and, 
being scalings of locally parallel vector fields, are parallel. Define V — W + Wq. 

There is a conically smooth map 6: X —> R>o for which the flow of V gives a well-defined conically 
smooth map 77: [0, 8) x A — > X. Moreover, by construction, for each e: A — > R>o there is a compact 
subset K C X for which 7? e (A) C K. Indeed, take A = E_(A_) - U[-2,2] x K U E + (K + ) C 
^-(A^) URx^U £' + (A + ) = A where the other subscripted A's exist by induction. 

We point out that for each t € [0, 1] the map 0t is an open embedding, and in particular an 
isomorphism onto its image. Denote the closure A := j3i (A) and the boundary dX = A \ /3i (A). 
Each point x G dX lies on a unique flow line of V. As so, j3 extends to a continuous map j3 : [0, 1] x 
A —x A whose restriction to [0, 1] x dX is an embedding, and whose restriction to A = fji (A) is a 

an open embedding for each t 6 [0, 1]. With this, one can conclude that dX — »• A is a cofibration 
of topological spaces, and one can construct a homeomorphism A = (0, 1/2] x dX\[ d -^X with the 
pushout. It follows that A — > X is a cofibration. 

□ 

Recall the map of quasi-categories (— ) : pSnglr„ — > 7 , (Bsc„) given by the restricted Yoneda map. 

Lemma 6.31. Let X be a finite singular n-manifold and let U C 0(A) be a countable subposet of 
open subsets. Suppose each O £ U is finite as a singular n-manifold, that the union lj 0ew O = X, 
and for each finite subset {Oi} C U the collection {O £ U \ O C H^i} * s an open cover of 
C\Oi. Denote the functor W — > pSnglr n given by O t-> O and 00 t— > Xu, the singular premanifold 
determined by the open cover Li (see Example \2.26\) . Then the composite 

W A pSnglr„ ^ P(Bsc n ) 

is a colimit diagram. 

Proof. Denote by (— ) : pSnglr ra — > Top Bsc " the restricted Yoneda map of Top-enriched categories 
which factors (— ) through the coherent nerve construction. We will show 

(27) hocolimoe^O ^> X u 
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is an equivalence in the (enriched) projective model structure on Top Bsc " . For this it is sufficient to 
show that (j2"T)l is an equivalence upon evaluating at each U £ Bsc n . 

Fix U £ Bsc„. Wc will explain the factorization of the arrow in (|27|) as the following zig-zag of 
equivalences: 

hocolimoew 0(U) = hocolim 0eW pSnglr„(J7, O) 

(28) <=■ hocolim 0eW S(?7,0) 

~ —K° 

(29) <— hocolim 0eW hocolim t S ' (U,0) 

—K? 

(30) ~ hocolimr t i hocolimoew S * (U,0) 

(31) hocolim m colimS Kt °(J7,0) 

(32) = hocolim w S A ' t0 \u,X u ) 

(33) ^ S(U,X U ) 

(34) ^ pSnglr n (C/,X w ) 

Write U = R n - k xC{Y) = C{S n - k - 1 *Y) = (ix (S n ~ k ~ 1 -kY)) ,. Denote by U' the singular n- 
manifold which is the image of U under the inclusion Bsc„ C Snglr n . Fix a diffcomorphism R = R<i 
whose restriction to R<o is the identity. This then fixes a morphism U — > U' by acting on the first 
coordinate. We will identify U with its image in U'. 

Notice the closed subspace U C U' consisting of those [(t, (u,y))} with t < 1 - this inclusion is 
a (trivial) cofibration of topological spaces. Because Y is compact, so is U. The inclusion U — > U' 
factors through U C U as a dense open subspace. Moreover, we have seen in the proof of Lcmma l6.30l 
the standard map /3: [0, 1] xU^-U with /3q = 1 the identity and with ft (17) C J7 for t > 0. We 
point out that the linearly ordered set [0, 1], regarded as a category, is (homotopy) filtered. 

Denote by S(U, — ) C pSnglr„(C7, — ) the subfunctor consisting of those maps from U which extend 
to a map from U' . By continuity, there is a continuous map S(U, — ) — > Top(J7, — ) to the space 
of continuous maps from U. Moreover, this continuous map factors through those maps from U 
which are cofibrations - this follows from the inclusion U — > U' being a (trivial) cofibration and 
the maps from U' being open maps. From the last two sentences of the previous paragraph, the 
inclusion S(U, — ) — > pSnglr n (£7, — ) is a point-wise equivalence. This establishes the equivalences (f2"5)l 
and 

For K C O a compact subspace, denote by S (U, O) C S(U, O) the (open) subspace consisting of 
those maps U — > O for which f(U) C K. From Lcmma [B.301 S(U, O) — colim te ( 0j i] S ' (U, O) can be 
written as a (homotopy) filtered colimit = filtered homotopy colimit, where here K° — ft(O) C O 
is the closure of the image, which is compact by construction. This establishes the equivalences (|29|) 
and ([33]). 

The equivalence (|30p is obtained by rewriting the nested colimit with the outer colimit still 
(homotopy) filtered. The isomorphism (|32[) is the definition of Xu- 

It remains to explain the equivalence (f3Tj) . From the construction of /?, the inclusion C O is 
a (trivial) cofibration of topological spaces and for < t' < t < 1 then C IntiK®) is contained 
in the interior. As so, for each pair O C O' G U and each t e (0, 1], the map K® C O C O' is 

a cofibration of topological spaces. It follows that for each O C O' £ U the map S (U, O) — > 

-K°,' - 

S 4 (U,0') is a cofibration for t' 6 (0,1] small enough. As so, the assignment (|t},0) i— > S(U,0) 

describes a diagram in Top where each arrow is a cofibration. Because each finite intersection f] Oi 

of elements of IA is covered by elements of U, this diagram is cofibrant (in the projective model 

structure on diagrams in Top). It follows that the universal arrow (|31|) from the homotopy colimit 

to the colimit is an equivalence. 

□ 
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Recall from Example 12.261 that the canonical morphism Xy — > X is a refinement. 



Theorem 6.32. Let B be a quasi- category of basics. The inclusion 

Mfld(B) ■=> pMfld(S) 

is an equivalence of quasi- categories. 

Proof. Because Mfld(Z5) = Snglr n x p s n gi rn pMfld(£>) and pMfld(£>) — > pSnglr n is a right fibration, it is 
sufficient to prove the theorem for the case B = Bsc„. It is enough to show that a refinement is an 

equivalence in pSnglr n . Let r: X — > X be a refinement. From Lemma r2.27[ for every [/ A X there 
is the pullback diagram of singular prcmanifolds 




in where the morphism ri is a refinement. To show that r is an equivalence is to show r\ is an 

equivalence for every U — > X. We can therefore reduce to the case X = U is a basic. When 
appropriate, we will denote this refinement with a subscript rjj. 

Choose po £ R™~ fc C U . By translating as necessary, we can assume po = £ R"~ fc . From the 
definition of a refinement, there is a morphism V if for which £ f(V). Recall from Lemma 12.171 
the map (3 which we denote as ft u to remember its dependence. Recall that {ftY (U) t > 0} forms 
a local base for the topology about £ R n ~ fc , that [3q = ljj is the identity, and that t < t' implies 
the closure ffi {U) C f3f ' {U). There is some to £ K>o for which j3Y(U) C V. Wc have witnessed a 
right inverse gu := to r in the quasi-category pSnglr n . 

Use the notation P(Q) = pSnglr n (P, Q). To show g is a left inverse we show the map of spaces 
ij{W) U(W) — ^> U(W) is equivalent to the identity for any W £ Bsc„. Specifically, we exhibit 
for each W — > jj & path from b to gw r w(b) which is canonical up to a contractible space of choices. 

Let W -»■ if be arbitrary. Write I for the depth of W and let q £ R l C W. There is some h £ [0, oo) 
for which the dragged image of q 

$(b(q))Ca(V) 

for all t' > tb- we point out that such a t& is unique. Choose such a Because [0, i'] is compact, and 

the collection {/(V ) | V — > U} forms a basis for the topology of JJ = U, there is a finite collection 

of morphisms V( — h U whose underlying spaces cover the image of the path 0^ (b(q)): [0,f] — > U. 
As so, we can choose a T £ [0, oo) so that for any t £ [0, t'} and any t" > T there is some Vi for which 
there is the containment (ffi b)(ffi (W)) C fl(V/). We point out that such a T is unique. Choose 
such a t". The choice of a t' and t" as above determines the desired path [0,t' + 1"] — > U(W) from 
b to pwryy{b). This path is given by a smoothly reparametrizing the path t >-> bfiY for t £ [0, t"] 
and t H- /3%_ n b/3W for i £ [t" , t' + t"]. 

□ 



Remark 6.33. Theorem 16.321 says that in a weak sense there is no distinction between a local 
invariant of B-prcmanifolds and one of £>-manifolds. Indeed, in so much as the difference between 
the quasi-category of £>-premanifolds and that of B-manifolds is measured by refinements, which we 
think of as covers, the theorem implies that an invariant of £>-manifolds which is specified by its 
values on basics, when evaluated on a £>-manifold, is determined by is values on open cover of that 
B-manifold. Said another way, an invariant of 23-basics automatically satisfies a (co)sheaf condition. 
This has important consequences, as we have seen. 
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